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Abstract. The unified transform method introduced by Fokas can be used to analyze 
initial-boundary value problems for integrable evolution equations. The method in¬ 
volves several steps, including the definition of spectral functions via nonlinear Fourier 
transforms and the formulation of a Riemann-Hilbert problem. We provide a rigorous 
implementation of these steps in the case of the mKdV equation in the quarter plane 
under limited regularity and decay assumptions. We give detailed estimates for the rel¬ 
evant nonlinear Fourier transforms. Using the theory of L^-RH problems, we consider 
the construction of quarter plane solutions which are in time and C® in space. 
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1. Introduction 

Initial value problems for integrable evolution equations can be analyzed via the inverse 
scattering transform (1ST) cf. [U [15]. Starting with the initial data, certain spectral 
functions (often referred to as reflection and transmission coefficients) are defined via 
a nonlinear Fourier transform. Since the time evolution of these spectral functions is 
simple, the solution at time t can be recovered via the solution of an inverse problem. 
The inverse problem is most conveniently formulated as a Riemann-Hilbert (RH) problem 
whose jump matrix involves the given spectral functions. 

Following the many successes of the inverse scattering approach, one of the main 
open problems in the area of integrable systems in the late twentieth century was the 
extension of the 1ST formalism to initial-boundary value (IBV) problems, see [T]. Such 
an extension was introduced by Fokas in m (see also mm) and has subsequently 
been developed and applied by several authors [aElEl ElHlellsnHSZ]. In analogy with 
the 1ST on the line, the unified transform of m relies for the analysis of an IBV problem 
on the definition of several spectral functions via nonlinear Fourier transforms and on 
the formulation of a RH problem. 

In this paper, we provide a rigorous study of the nonlinear Fourier transforms and RH 
problems relevant for the analysis of the mKdV equation 

Uf fi- GAu Ux '^xxx — O5 A — il? (^‘^) 

in the quarter plane {x > 0,t > 0}. The unified transform method presents the solution 
of this problem in terms of the solution of a RH problem, which is defined in terms 
of four spectral functions {a{k),b{k),A{k),B{k)}, see j^. The functions a[k) and h{k) 
can be viewed as half-line nonlinear Fourier transforms of the initial data, while the 
functions A{k) and B{k) can be viewed as half-line nonlinear Fourier transforms of the 
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boundary values. We present detailed estimates for these half-line transforms, which 
can be used to formulate an appropriate RH problem under limited regularity and decay 
assumptions. In particular, we derive uniform asymptotic expansions for large k and give 
conditions under which these expansions can be differentiated termwise. We also show 
how smoothness and decay of the initial and boundary values translate into decay and 
smoothness of the spectral functions, respectively. Finally, using th e th eory of L^-RH 
problems, we consider the construction of quarter plane solutions of (1.1) which are 
in time and in space. Our presentation can be viewed as an extension of [1], where 
equation (1.1) was analyzed on the half-line nnder less explicit regularity assumptions. 
We present our results for the mKdV equation for dehniteness, but similar arguments 
are applicable also to other integrable equations such as the nonlinear Schrodinger, KdV, 
sine-Gordon, and Camassa-Holm eqnations. 

The rigorous study of nonlinear Fourier transforms and RH problems is rather involved 
even in simple cases. For example, for the KdV equation on the line, the relevant nonlin¬ 
ear Fonrier transform is that associated with the one-dimensional Schrodinger operator 
—5^ -|- uo{x), and Deift and Trubowitz presented the rigorons analysis of this opera¬ 
tor and of the associated transform in an elegant but long paper HU. In many cases, 
to avoid technical details, results relying on inverse scattering techniques are presented 
under rather vague assumptions on the given data snch as “sufficient smoothness and de¬ 
cay” . This can sometimes be motivated by the fact that the qualitative outcomes of the 
theory are independent of the precise assumptions. However, there are situations where 
more precise formulations are vital also qnalitatively. In the context of IBV problems, 
physically relevant examples of such situations include: 


1. The derivation of long-time asymptotics via the nonlinear steepest descent method. 

2. Problems with asymptotically time-periodic data. 

3. Problems whose initial and boundary data are not compatible to all orders at the 
points of the boundary for which t = 0. 

4. Problems with step-like initial and/or boundary profiles. 

For the derivation of long-time asymptotics, the decay properties of the bonndary values 
are particularly important—if the boundary values do not decay as t —)■ oo, the asymp¬ 
totic formulas will receive additional contribntions from the boundary. For problems 
with t-periodic data, the spectral functions may have branch cuts, hence the formulation 
of a RH problem is intricate and a detailed understanding of the half-line Fourier trans¬ 
forms is crucial, see [U EJ [29]. In addition to providing a detailed study of the mKdV 
equation in the quarter plane, the present paper intends to lay the foundation for future 
explorations of the above topics. 

The analysis of IBV problems is more involved than the analysis of pure initial value 
problems. Thus, although the unified transform method and the 1ST formalism share 
several characteristics, there are important differences. Let us comment on a few of these 
differences relevant for the present study: 

(a) For an initial value problem on the line, the 1ST formalism utilizes two eigenfunc¬ 
tions which are normalized at plus and minus infinity. For the corresponding quarter 
plane problem, the unified transform method utilizes one eigenfunction normalized at 
spatial infinity, one normalized at temporal inhnity, and one normalized at the origin. 
The latter eigenfunction is entire, but has a more complicated large k behavior than the 
eigenfunctions normalized at infinity. Indeed, in order to be correctly normalized at the 
origin, this eigenfunction must be a linear combination of two solutions, one of which 
admits an expansion in 1 jk whereas the other is exponentially small in each asymptotic 
sector. The contribution from the exponentially small solution can sometimes be ignored, 
but it becomes important as k approaches the anti-Stokes lines that form the boundary 
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of the asymptotic sector. In fact, as fc —>■ oo along one of these lines, the two solutions 
contribute terms of comparable order asymptotically. 

(b) Since the spectral functions for the IBV problem are dehned via half-line trans¬ 
forms, they do not have rapid decay as A: —)> oo even in the case of smooth data. Indeed, 
the half-line transform of a function /(x), x > 0, can be viewed as the transform on the 
whole line of /e(x) where /e = / for x > 0 and /e = 0 for x < 0. If /(O) / 0, the dicon¬ 
tinuity of /e(x) at X = 0 implies that the transform only decays as 1/A: as A; —)• oo. The 
rigorous formulation of a RH problem therefore involves a careful study of asymptotic 
expansions. 

(c) The initial data and the boundary values of a solution of an IBV problem are not 
independent. The relationship between the initial and boundary values is encoded in a 
relation among the spectral functions called the global relation. When formulating the 
main RH problem, we must assume that the global relation is fulfilled (see equation 
below). 

Section contains some definitions and notational conventions. In Section we 
consider the definition of a{k) and h{k). In Section]^ we consider the definition of A{k) 
and B{k). In Section]^ we consider the construction of quarter plane solutions of (l.I) 
which are in time and in space. A few results on L^-RH problems are collected 
in the appendix. 


2. Preliminaries 


2.1. Lax pair. 


The mKdV equation (1.1) admits the Lax pair 


fix - ik[a3,fj] = U/r, 
fit + iik^[a3,n] = V/i, 


( 2 . 1 ) 


where fi{x, t, k) is a 2 x 2-matrix valued eigenfunction. A: G C is the spectral parameter, 
and 


<73 = 


V = 


1 0 
0 -1 


U = 


—2iXkv? 


0 u 
Xu 0 


—4AA:^u — 2iXkux — 2u^ + Xux 


—Auk"^ + 2ikux — 2Xu^ -|- Uxx 
2iXku^ 


( 2 . 2 ) 


The versions of (1.1) with A = 1 and A = — 1 are referred to as the defocusing and 


focusing mKdV equations, respectively. 


2.2. Notation. For a 2 x 2 matrix A, we let and A^A denote the diagonal and 
off-diagonal parts, respectively. If A is an n x m matrix, we define |A| by 


|A| = |Ajj|2 = ytrA^. 

V 

Then |A -|- H| < |A| -|- \B\ and |AH| < |A||H|. For a contour 7 C C and 1 < p < 00, we 
write A G L^{'x) if 1^1 belongs to U’{X). We define ||A||x,p(..y) := |||A|Note that 
A G L^(7) if and only if each entry Ajj belongs to We let {(Tjlf denote the three 

Pauli matrices. We let (J 3 act on a 2 x 2 matrix A by a^A = [as. A], i.e. e'^^A = 

For a 2 X 2 matrix A, we let [A]i and [A ]2 denote the first and second columns of A. We 
let C+ = {Im A: > 0} and C_ = {Im A: < 0} denote the open upper and lower half-planes; 
C± = C± U M will denote their closures. The notation k G (C+,C_) indicates that the 
first and second columns are valid for k G C+ and k G C_, respectively. Given x G M, 
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Figure 1. The contour T and the domains {Dj}\ in the complex k-plane. 


[x] will denote the integer part of x. The open domains of the complex fc-plane 

are defined by (see Figure]^ 

Di = {Im/c < 0} n {Im/c^ > 0}, D 2 = {Im/c < 0} Pi {Imfc^ < 0}, 

= {Im /c > 0} n {Im > 0}, 1)4 = {Im /c > 0} Pi {Im < 0}. 

We let = Di U Ds and Z)_ = D 2 U -D 4 . We let T = M U U denote the 

contour separating the -Dj’s oriented so that lies to the left of T. Throughout the 
paper C denotes a generic constant. 

3. Spectral analysis of the x-part 
Let u{x) be a real-valued function defined for x > 0 and let 

0 u{x)'' 


\^Au(x) 0 

Consider the linear differential equation 

X,-ik[a3,X] = [JX, (3.1) 

where X[x, fc) is a 2 x 2-matrix valued eigenfunction and A: G C is a spectral parameter. 


We define two 2 x 2-matrix valued solutions of (3.1) as the solutions of the linear Volterra 
integral equations 


A:(x,A;) = 7+ / e-*^(*'-^)'^3(ux)(x',A;)dx', 


f 00 
rx 


Y{x, k) = I + / , k)dx'. 

Jo 

The proof of the following theorem is given in Section |3.2[ 


(3.2a) 

(3.2b) 


Theorem 3.1. Let m > 1 and n>l be integers. Suppose 
(u€C^+\[0,oo)), 

I (1 -b x)"'(9*u(x) G L^([0, 00 )), z = 0,1,..., m -I- 1. 

Then the equations (5.M) uniquely define two 2 x 2-matrix valued solutions X and Y of 


(3.3) 


(3.1) with the following properties: 
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(а) The function X{x,k) is defined for x > 0 a nd k G (C+,C_). For each k G (C+,C_), 
the function X{-,k) gC'^([0,oo)) satisfies (3.1). 

(б) The function Y{x, k) is defin ed fo r x > 0 and k £ C. For each k £ C, the function 

Y{-,k) £ oo)) satisfies (3.1). 

(c) For each x > 0, the function X{x,-) is bounded and continuous for k £ (C+,C_) 
and analytic for k £ (C+,C_). 

{d) For each x > 0, the function Y{x, •) is an entire function of k £ C which is hounded 
fork£ (C_,C+). 

(e) For each x > 0 and each j = 1,... ,n, the partial derivative ^^(x, •) has a continuous 
extension to (C+,C_). 

(/) X and Y satisfy the following estimates: 


dkl 
dkl 

for j = 0,1,... ,n. 


(y(i, k)-i 


< 


c 


(1 + x)'^-l ’ 

< C min(x, 1)(1 + x)fi 


X > 0, A:G(C+,C_), (3.4a) 

X > 0, A:G(C_,C+), (3.4b) 


3.1. Behavior as A: —)• oo. In addition to the properties listed in Theorem 3.1, we also 
need to know the behavior of the eigenfunctions X and Y as k ^ oo. To this end, 
we note that equation (3.1) admits formal power series solutions Xformal and Yformah 
normalized at x = oo and x = 0 respectively, such that 




k 


A:2 


Yformalix, k) = I + ^ ^ + 


+ 


k ' A2 

where the coefficients {Xj{x), Zj{x),Wj{x)}i^ satisfy 


fWi{x) IT 2 (x) 

y k ^k^ 


lim Xj{x) = 0, Zj{0) + Wj{0) = 0, 


j > 1- 


(3.5) 

^-2ikxa3^ (3.6) 

(3.7) 


Indeed, substituting 




k 


k^ 


relations 


into (3.1), the off-diagonal terms of 0{k and the diagonal terms of 0{k ^ ^) yield the 

(3.8) 


xfh = - UA“') 


(o) 


^{d)\ 


sXfh = |»3U(My - UX'"'). 


(o) 


.{d)\ 


Similarly, substituting 


X = 


Wi{x) ^ W 2 {x) ^ 


k 


k^ 


^—2ikxa3 


into (3.1), the diagonal terms of 0{k and the off-diagonal terms of 0{k ^ ^) yield the 


relations 


'iril’i = - uiy'*”), 


(3.9) 


The coefficients {Xj(x),Zj{x), Wj{x)} are determined recursively from (3.7)-(3.9), the 
equations obtained from (3.8) by replacing {Xj} with {Zj}, and the initial assignments 


X_i = 0, 


^0 — 7, Z_i — 0, Zo — I, W-i — 0, 


ITo = 0. 
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- - (A;) ■ 

Then the first few coefficients are given by 

^lix) = - ^ 0-3 f v?{x')dx', 

1 Xu 

X 2 {x) =-[ 2 iu{Xi )22 + Ux]cr3ax +IJ —[ 2 iu{Xi )22 + u^]dx', 

^3{x) = I [2{Xi)22Ux + iXu^ + Uu{X2)22 “ iUxx\(7\ 

o 

%u 

- 0-3 / V + 4Att(X2)22 - 2f A(Xi)22Wa; “ Xu^x)] dx\ 

J CO ^ 

Xi{x) = — [5Xu^Ux + 4:{X2)22Ux + 2i{Xu^ - Uxx){Xi )22 + 8iu(X3)22 - Uxxx\(y3(T\ 


+ IJ —[5Xu'^Ux+4:{X2)22Ux + ‘2i{Xu^-Uxx){Xl)22 

+ 8iu{X3)22 - Uxxx]dx', 


(3.10) 


iu{x) iX r 2 , / 

~ U dx , 

;) = ^[2m(Zi)22 + Ua;]cr3(TA + ^| j 


^[ 2 iu{Zi )22 + Ux]dx' + ^u^(0)|, 


- [2(Zi)22rtx + iXu^ + 4zm(Z2)22 - iu xx \ ^A 
o 

%u 

- 0-3 / V + 4Am(Z 2)22 - 2f A(Zi) 22 itx “ Xuxx)] dx', 

Jo 8 

- [bXvi^Ux + 4 (^ 2 ) 221 ^ 0 ; + 2i(An^ — Uxx){Zi)22 + 8^11(^3)22 — Uxxx\ 
+ J ^bXli^Ux + 4(.^2)22^Ia; + 2i{Xu^ — 'Uxx)(.^l)22 


c- ir^ \ ^ 1 I 3tt^(0) A Am^(O) 

+ 8zii(Z3)22 — Uxx:^dx H-—-“^l(0)tla;o;(0) H-— 

■' lb 8 lb 


(3.11) 


VTi(x) = - 


W2ix) = - 


Xiu{Wi)i2 

2 


I - (X3(XX^^{Wi)i2 J 


mix) = - -{-2m{W2)i2 + {Wi)i2Ux)a3 


VT4(x) = 


- j u[2itt(lT2)l2 - iWi)i2Ux]dx +iu^{0) - yttxx(0)|, 

- ^(A«3(1Ti)i 2 +4n(tT3)l2 + 2i(lT2)l2«x - (ll^l)l2iIo;a;)/ 

O 

- ^^staI j u[u^(1Ti)i 2 + A(4tt(lT3)l2 + 2i(lT2)l2Wo; - (Wl)l 2 Uxx)]dx' 
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- 3iXu‘^{0)uxi0) + -Uxxxi^) r 


(3.12) 

If u{x) has a finite degree of regularity and decay, only finitely many coefficients {Xj, Zj, Wj} 
are well-defined. The following result, whose proof is given in Section 3.3 describes the 
behavior of X and Y as /c —)• oo. 


Theorem 3.2. Suppose u{x) satisfies (3.3) for some integers m > 1 and n > 1. Then, 
as k ^ oo, X and Y coincide to order m with Xformal o,nd Yformai respectively in the 
following sense: The functions 

Xm+l {y) 


X{x,k) = I+^^^ + --- + 
k 

Y{x,k) = I+^^ + --- + 
k 


^m+l ’ 
Zm+l{x) ^ 


km+1 

are well-defined and there exists a K > 0 such that 

C 


+ 


ITm+l jx) \ — 2 ikxa 3 




~ \k\^+^{l + xY-Y 


for all k G (C+,C_) with \k\ > K, and 




< 


C{1 + x)^'+2e 


1^1 


m+1 


X > 0, j = 0, l,...,n. 


a; > 0, j = 0, l,...,n. 


(3.13) 

(3.14) 

(3.15a) 

(3.15b) 


for all k G (C_,C+) with \k\ > K, and 






< 


^(1 + xfi^^edd^ 


I m+1 


X > 0, 


j = 0, l,...,n, (3.15c) 


for all k G (C+,C_) with \k\ > K. 


Remark 3.3. It is relatively straightforward to derive from equations (3.2) that X and 
Y have the properties listed in Theorem |3.1[ For the proof of Theorem 3.2, which is much 
more involved, the equations (3.2) are not suitable; instead we will consider the equations 
satisfied by the ‘errors’ X~^X, Z~^Y, and , where Y = Z + ^g- 2 *fca:o- 3 _ 


3.2. Proof of Theorem 3.1 In view of the symmetries 

\aiF{x,k)ai, A = 1, 


F{x,k) = 


\a2F{x,k)a2, A =-1, 


(3.16) 


which are valid for F = X and F = T, it is enough to prove the theorem for [X ]2 and 
\Y] 2 - We first consider the construction of [X] 2 . 

Let T(x, k) denote the second column of X{x, k). Then, by (3.2a), 

'i>{x,k) = — J E{x,x',k)\J{x')'i/{x',k)dx', x>0, (3-17) 


where 


E{x, x', k) = 


^— 2 ik ( x '— x ) Q 

0 1 


We use successive approximations to show that the Volterra integral equation (3.17) has 
a unique solution 'I'(x,A:) for each k G C_. Let Tq = (5) and define ihi for I > 1 
inductively by 


'^i+i{x,k) = — / E{x, x , k)\J{x')'^i{x', k)dx', x>0, kGC-. 
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Then 


A;) =(-!)'/ '^E{xi+i,Xi,k)\3{xi)'^Qdxi-■ ■ dxi. (3.18) 

J X=Xl + x<Xl< — <Xl<00 


Using the estimates 


|£'(x, x\k)\ < C, Q < X < X < oo, k G C_, 


and 


C 


we hnd 

k)\ < C 
C 

< 

Hence the series 


^ (1 + xY ’ ^ 


I |U(xj)||^'o|'^a;i • •-rfa:/ 

X<Xi<---<Xi<00 


(3.19) 


'^{x,k) = '^'^i{x,k) 


1=0 


converges absolutely and uniformly for x > 0 and k G C_ to a continuous solution T(x, k) 

C 


of (3.17). Moreover, 

OO 

|T(x,fc) - ^o| < y] \'^iix,k)\ < n m a: > 0, A: G C_, (3.20) 

(1 + x)" 

which proves ( |3.4a ) for j = 0. Using the estimate 

|5^ill(x, x^, A:)| < (7(1 + |x'— x|)-^, 0 < x < x'< oo, A: G C_, j=0, l,...,n, 

(3.21) 


with j = 1 to differentiate under the integral sign in (3.18), we see that 'I';(x, •) is analytic 
in C_ for each /; the uniform convergence then proves that T is analytic in C_. 

It remains to show that [X ]2 = T satisfies (e) and (/) for j = 1,..., n. Let 


Ao(x,A:)= — / (9fci7)(x, x', A;)U(x')'I'(x', A;)dx'. 


(3.22) 


Differentiating the integral equation (3.17) with respect to k, we find that A := dk^ 
satisfies 


A(x, A:) = Ao(x, A:) — / ill(x, x', A;)U(x')A(x', A;)dx' 


(3.23) 


for each k in the interior of C_; the differentiation can be justified by dominated con¬ 
vergence using (3.21) and a Cauchy estimate for We seek a solution of ( |3.23 ) of 

the form A = A; , where the A;’s are defined by replacing {T;} by {A;} in (3.18). 

Proceeding as in (3.19), we find 

i 


C, 


I A;(x, fc) I < II Ao(', k) ||Loo([a;jOo)) ^ ^ _j_ 
Using (3.20) and ( |3.21[ ) in (3.22), we obtain 


C 


X > 0, k € C-. 


|Ao(x, A;)| < 


C 


(1 + x) 


n—1 ' 


X > 0, k G C-. 


(3.24) 


(3.25) 
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In particular ||Ao(-, fc)||£,ooQ 2 . is bounded for x > 0 and k G C_. Thus, 
converges uniformly on [0, oo) x C_ to a continuous solution A of (3.23), which satisfies 
the following analog of (3.20): 

C 

|A(x, fc) — Ao(x,/c)| < —-X > 0, /c G C_. (3.26) 


“ (1 + x)'^’ 

In view of equations ( 3.25[ ) and (3.26), we conclude that [X ]2 = T satisfies (e) and (/) 
for j = 1. 

Proceeding inductively, we find that A^-^^ := satisfies an integral equation of the 
form 

, .. TOO 

A^-^^(x,/c) = Aq (x,/c) — / ili(x, x', fc)U(x')A^-^^(x',/c)(ix', 

J X 


where 


aJ^^(x, A:)| < 


C 


X > 0, /c G C_. 


(1 + x)’"-^’ 

If 1 < J < then ||A[/^(-, A:)|| L°°([a;,oo)) is bounded for x > 0 and k G C_; hence the 

associated series A^-^) = converges uniformly on [0, oo) x C_ to a continuous 

solution with the desired properties. 

We now consider the the construction of [y] 2 . In this case, we still let Tq = (5), but 
instead of (3.18) we now introduce {'I'zli^ by 

Tz(x, A:) =(-l)^ f Jj£'(xi+i,Xi,A:)U(xi)Toiixi---dxz, 

^0<iri<”-<a:^<x<oo 

where x > 0 and k G C. This leads to an entire function ^{x,k) = X^z^o 
satisfying (3.1). Moreover, as in (3.19), we find 

C min(x, 1)^ 


C. 


|'I'z(x,A:)| < |j-||U||^iQo_ 3 ,]) 


< 




X > 0, k G C+, 


which leads to the following analog of (3.20): 

OO 


|'I'(x, k) — TqI < |'I'z(a:, A:)| < Cmin(x, 1), x > 0, k G C+. 


z=i 


This proves (3.4b) for j = 0. Letting 

rx 

Ao(x,/c)= / {dkE){x,x',k)\J{x')'i>{x',k)dx', 


10 


we find that A := dk^ satisfies 


A(x,/c) = Ao(x, A:) + / £'(x, x', A:)U(x')A(x', A:)(ix^ 
Jo 


The proof of (3.4b) for j = I follows from the following analogs of (3.24)-(3.26): 

(J 

|Az(x,A:)| < — ||Ao(-,A:)||L-([o,a;]), 

|Ao(x,A:)|<C f (1 + |x — x'|)|n(x')|(ix'< Cx + Cx f |ri(x')|dx'< Cx, 

Jo Jo 

|A(x, k) — Ao(x, A;)| < Cx, 

which are valid for x > 0 and k G C+; the proof for j > 2 is similar. 


□ 
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3.3. Proof of Theorem 

is well-defined and invertible for k large enough. 

Claim 1. {Xj{x)}^~^^ are functions of x > 0 satisfying 

Ul + x)^Xj{x) G L\[0,oo))nL^{[0,oo)), 

\{l + x)"'X'j{x) G L^([0,oo)), 


We first consider [X] 2 . Our first goal is to show that X 


j = l,...,m + l. 


Proof of Claim 1. The assumption (3.3) implies 

C 




\x)\ < 


X > 0, i = 0,1, 


, m. 


(3.27) 


(3.28) 


(l + x)^' 

Indeed, if f = 0,1,..., m, and x > 0, then 

1(1 + x)V*)(x)| < |n«(0)| + r |n(l + xT~^u^^\x') + (1 + x')V*+i)(x')|dx' < C. 

Jo 

(3.29) 


Let Sj refer to the statement 


G C”^+2-J([0,oo)), Xf G C™+3-^([0,oo)), 

(1 + x)"'d'^X^°^ G L^([0, oo)) for z = 0,1,..., m -|- 2 — j, 


_ (1 -b x)'^d'^xf^ G L^([0, oo)) for z = 0,1,..., m -b 3 — j. 


By ( I3.28D , 

(l + x)’^+^ 


0 poo poo 

u^{x')dx' < / (1-b x')”’''^zz^(x')dx'< C / (1-b x')|n(x')|(ix'—)• 0 

J X J X 

as X —)• oo. Consequently, an integration by parts yields 


u{x')dx' dx 


ii(i+x)”xbiii.,[„„„<c/ (1+i-r 

Jo J X 

POO /I 1 POO 

<C + C - u^{x)dx<C + C / (1-b x)|zz(x)|(ix < oo. 

Jo n + 1 Jo 


(3.30) 


Using the estimate (3.30) and the expression (3.10) for Xi, we conclude that Si holds. 
Similar estimates together with the relations (3.8) imply that if 1 < j < m and Sj holds. 


m+1 


are 


then Sj+i also holds. Thus, by induction, hold. This shows that {Xj}^ 

functions satisfying (1 -b x)^d^Xj(x) G L^([0, oo)) for z = 0,1 and j = 1,..., m -b 1. 
The boundedness of (1 -b x)'^Xj{x) follows by an estimate analogous to (3.29). V 


Claim 2. There exists a K > 0 such that X{x, k) ^ exists for all A; G C with \k\ > K. 
Moreover, letting A = ikas + U and 

A{x,k) = [Xx{x,k) + ikX{x,k)a 3 )X{x,k)~^ , x > 0, \k\>K, (3.31) 

the difference A(x, k) = A(x, k) — A{x, k) satisfies 

A(^'A)l s \k\>K, (3-32) 

where / is a function in L^([0, oo)) n C([0,oo)). In particular, 

ll^(•) ^)llLi([a;,(»)) — _|_ 2;)^ ’ 3: > 0, |A:| > iL. (3.33) 
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Proof of Claim 2. By Claim 1, there exists a bounded continuous function g G 
L^([0,oo)) such that 


In particular, 


\X,{x)\ < 


m+l 

E 

i=i 


g{x) 


[m + 1)(1 + xY 




(3.34) 






< 


9{x) 


|fe|(l + x)”’ 


X > 0, 


> 1 . 


Choose K > max(l, ||5 '||loo([o,oo)))- Then X{x, k) ^ exists whenever \k\> K and is given 
by the absolutely and uniformly convergent Neumann series 

oo ^ m+l ^ , X X ; 

X(x, ^ ^ if ] , ®>0, \k\>K. 


1=0 


Furthermore, 


l=m+2 


m+l 


E -E 


i=i 


k^ 


i=i 


OO 

s E 

/=m+2 


k^ 


( 3{x) 


V|A:|(l + x) 


< 


Cg{x) 


n I — |^|m+2 


(1 + x)^ 


(3.35) 


for X > 0 and |A:| > K. Now let Qo{x) + + • • • be the formal power series 

expansion of X{x, k)~^ as /c —)• oo, i.e. 

Qo{x) = I, Qi{x) =-Xi{x), Q 2 {x) = Xi{xf - X 2 {x), 

Qaix) = Xi(x)X 2 (x) + X 2 (x)Xi(x) - Xi(xf - X^{x), .... 


Equation (3.34) and the inequality (3.35) imply that the function T(x, k) defined by 

Q,(x) 


£{x, k) = X{x,k) ^ 


j=0 


k^ 


satisfies 


\£ix,k)\ < 


Cg{x) 


|/C|™+2(1 + x)’^’ 


X > 0, |/c| > K. 


(3.36) 


Let A{x,k) be given by (3.31). Since X/o^mai is a formal solution of (3.1), the coefficient 
of k~^ in the formal expansion ofA = ^ — >las/c —>-00 vanishes for j < m; hence, in 
view of Claim 1 and (3.36), 


|A| = 


< 


m+l 


A - (X, + ifeXcTs) f ^ If + T 

^ i=0 ^ 

Cg{x) 


- \h\m+l(^l + xY 

Cfix) 


j=0 

\{X, + ikXa3)S\ 


< 


X > 0, \k\ > K, 


~ |fc|”"+i(l + x)’"’ 

where f is a continuous (not necessarily bounded) function in L^([0,oo)). This proves 
dT^. V 


Given X > 0, we let = C+ n {|A:| > K}. 





























12 


NONLINEAR FOURIER TRANSFORMS 


Claim 3. The Volterra integral equation 

poo 

'^{x, k) =k) — / E{x,x',k)A{x',k)'^{x',k)dx', 
J X 

where 'I'o(x,A:) = [X{x,ky \2 and 


E{x, x', k) = X{x, k) 


^— 2 ik { x '— x ) g 


0 


1 




X{x',k) 


(3.37) 


(3.38) 


has a unique solution 'I'(x, k.) for each k G C5. This solution satisfies T = [X] 2 . 
Proof of Claim 3. Define T/ for I > 1 inductively by 

poo 

^i+i{x,k) = — E{x,x',k)A{x',k)'I/i{x',k)dx', x > 0, k€C^. 

J X 

Then 

^i{x,k) =(-!)' [ 


I E{xi+i,Xi, k)A{xi, fc)To(xi, k)dxi ■ ■ ■ dxi. 


(3.39) 


Using the estimate 


\E{x,x\k)\ < C, Q<x<x'<oo, k^C_, 


as well as (3.33), we find, for x > 0 and k G C^, 

i 

|A(xi, A:)||To(xi, A:)|dxi ■■■dxi 


\'^iix,k)\<C [ 

J X 


X<Xl<---<Xi<00 


c 




c 


c 


Since 


we find 


< ll^0(-,fc)||£,oo([3,^oo))(^|^|^+l^^ 


sup ||To(-,fc)||i,oo([o,oo)) < C, 
fcec^ 


(3.40) 


\'^i{x,k)\ < ^ 


C 


X > 0, k € C 


K 


l\ V|A;|”"+Hl Tx)*' 

Hence the series 'h(x,/c) = conver ges a bsolutely and uniformly for x > 0 

and k G to a continuous solution ^{x,k) of (3.37). Moreover, 


|T(x, k) - 4'o(x, A:)| < ^ \^i{x, k)\ 
1=1 

It fo 


— |L|m+l 


c 


(1 + x)^ 


x>0, k€C^. (3.41) 


By 


lows from the integral equation (3.37) that T satisfies the second column of (3.1). 


k£CT. 


3.41), T(x,fe) ~ as X —)• oo. Hence, by uniqueness of solution, T = [X ]2 for 


V 


Claim 4. [X ]2 satisfies (3.15a). 


Proof of Claim f. Equation (3.41) implies that [X ]2 = 41 satisfies (3.15a) for j = 0. 
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A glance at the proof of Claim 2 shows that the inequality (3.32) can be extended to 
derivatives of A with respect to k: 


\diA{x,k)\ < 


Cfix) 


x>0, \k\ >K, j = 0,1,... ,n, 


(3.42a) 


where / G L^([0,oo)) is a continuous function of x > 0. We will also need the following 
estimate for j = 0,1 ,..., n: 

\di.E{x,x',k)\ < C{1 + \x'— x\y, 0 < X < x'< oo, A: G C^, (3.42b) 


where E is defined in (3.38). Let 
Ao(x,/c) = [dkX{x,k)]2 - 


dk 


[E{x, x' , k)A{x', fc)] 'I'(x', k)dx'. 


(3.43) 


Differentiating the integral equation ( 3.37[ ) with respect to k, we find that A := dk^ 
satisfies 

poo 

A{x,k) = Ao{x,k) — / E{x,x ,k)A{x ,k)A{x ,k)dx (3.44) 

J X 

for each k in the interior of C:(5; the differentiation can be justified by dominated con¬ 
vergence using (3.42) and a Cauchy estimate for (9^4'. We seek a solution of ( |3.44 ) of 
the form A = 'y2i =n where the A;’s are defined by replacing {'ll;} by {A;} in (3.39). 
Proceeding as in (3.40), we find 


C. 


C 


X > 0, k € C5. 


X > 0, A; G C5. 


(3.45) 


|A;(x,A:)| < ll^o(-) fc)||L°°([x,oo)) 

Using (3.41) and ( |3.42[ ) in (3.43), we obtain 

C 

\Ayx,k)-[dkX{x,k)]2\ < + 

In particular ||Ao(-, A:)|| 2 ,tx>([a;,oo)) is bounded for k G and x > 0. Thus, 
converges uniformly on [0, oo) x C{5 to a continuous solution A of (3.44), which satisfies 
the following analog of (3.41): 

C 


|A(x,A:) - Ao(x,A:)| < 


X > 0, A: G C5. 


|A:|”'+i(l + x)''’ 


(3.46) 


Equations (3.45) and (3.46) show that [Xy = 'll satisfies (3.15a) for j = 1. 

Proceeding inductively, we find that A^-^i ■.= satisfies an integral equation of the 
form 


A^^\x,k) = A^y\x^k) — I E{x,x',k)A{x',k)A^^\x',k)dx', 


where 


A^y\x,k) - [dl.X{x,k)]2\ < 


C 


X > 0, k G C^. 


|A:|”'+i(l + x)i'-U 


If 1 < i < II) then ||a[/\-, A:)||2 ,tx)([a;,oo)) is bounded for k G and x > 0; hence the 
associated series A^-ii = converges uniformly on [0, oo) x to a continuous 


solution with the desired properties. 


V 


The above claims prove the theorem for X. We now consider [T] 2 - 
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Claim 5. {Zj{x), are functions of x > 0 satisfying 

IZj,W^€L^(10,oo)), ^ 

\z',W'eL^{[0,oo)), 

Proof of Claim 5. Let Sj and Sj refer to the statements 

' Zf E C™+2-J([0,oo)), Zf E C"*+3-^ ([0,(X))), 

< d^Zj°'^ E L^([0, oo)) for i = 1,..., m + 2 — j, 

d^Z^^^ E L^([0, oo)) for i = 1,..., m + 3 — j, 

Wf E C”*+2-J([0, oo)), Wf E C”^+3-J([0, oo)), 
g L^([0, oo)) for i = 1,..., m + 2 — j, 

E L^([0, oo)) for i = 1,..., m + 3 — j. 


and 


respectively. Using the expressio ns (|3.11 ) a nd (|3.12 ) for Zi and Wi, we conclude that 
Si and 5i hold. The relations (3.8) and ( |3.9| imply by induction that 
hold. This shows that {Zj,Wj}'f^^^ are functions satisfying Zj,Wj E L^([0,oo)) for 
j = 1,..., m + 1. Integration shows that Zj, Wj E L“([0, oo)) for j = 1,..., m + 1. V 

We write 

Y{x, k) = Z{x, k) + W{x, 
where Z and lU are defined by 


Z(y,,t) = ; + LM + ...+ 2™+.W 


k 


km+1 ’ 




k 


J^m+l 


Claim 6. There exists a K > 0 such that Z{x, k) ^ and IU(x, k) ^ exist for all A: E C 
with |A:| > K. Moreover, letting A = ika^ + U and 


j n4i(a;, k) = {Zx{x, k) + ikZ{x, k)(T^')Z{x, k) 

|n42(x, k) = {Wx{x^ k) — ikW{x, k)a 3 )W{x, k)~^, 
the differences 

Ai{x,k) = A{x,k) - Ai{x,k), ^ = 1,2, 

satisfy 

C + f(x) 


X > 0, \k\ > K, 


\diAi{x,k)\ < 


Im+l ’ 


X > 0, \k\>K, j = 0, l,...,n, / = 1,2, 


where / is a function in L^([0, oo)) n (^([OjOo)). In particular 

Cx 


I^Ku^)IIl1([0,x]) < 


1^1 


m+1 ’ 


Claim 7. We have 


Z{x, k)p'^^^^Z-\0, k) - y(x, k) 


dk^ - 
dk^ - 


J 2 


IU(x, A:)e-*^^^3^-^(0, k) - Y{x, k)e 


2ikxGz 


, |A:|>iL, / = 1,2. 

(3.47) 

similar to that of Claim 2. 

V 

1 |p2ifca;| 

^.|U 

(3.48a) 

1 -1- 

(3.48b) 


for all X > 0, \k\ > K, and j = 0,1,..., n. 


2 
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Proof of Claim 7. We write 

^formalix,k^ — p formal ^ k^C 

where 


V _ r , ^l(®) , ^2(x) , 

ZformaiPi k) Ip , + , ^ + 


k 


k^ 




k 


A;2 


Then 


Zformalix, ZJ^^JO, k) = Yformal{x, k) 


(3.49) 


formally to all orders in k. Indeed, both sides of (3.49) are formal solutions of (3.1) 


satisfying the same initial condition at a: = 0. Truncating (3.49) at order k 
follows that 


it 


—m—2\—2ikxa3 


Z{x,k)P'^^^^Z-\0,k) = Y{x,k) pO{k-^-^) P 0{k -)e 

Using Claim 5 and estimating the inverse Z~^{0,k) as in the proof of C laim 2 , we find 
(3.48a) for j = 0. Using the estimate we find (3.48a) also for 

3 > 1- 

Similarly, we have 


Wformalix,k)e-^^^^^WyJ^^JO,k) = Yformal{x, k)e 
to all orders in k and truncation leads to (3.48b). 


2 ikxa ^ 


V 


Claim 8. \Y ]2 satisfies (3.15b). 

Proof of Claim 8. Using that U(x, k) satisfies (3.1), we compute 
(Z-Iy), = -z-^zJ-^Y P z-^Y^ 

= -Z-^{AiZ - ikZa^)Z-^Y + Z-^[AY - ikYas) 

= Z-^AiY pik[a3,Z-^Y]. 

Hence 

Integrating and using the initial condition y(0,A;) = I, we conclude that Y satisfies the 
Volterra integral equation 

Y{x,k) = Z{x,k)p’^^^^Z-\0,k) P [ Z{x,k)p’^^^-^>^{Z-^AiY){x',k)dx'. (3.50) 

Jo 

Letting T = [Y ]2 and 'I'o(x,A:) = [Z{x,k)e^^^^^Z~^{0,k)]2, we can write the second 
column of (3.50) as 


'I'(x, fe) = To(x,/c) + / E{x,x',k){Ai^){x',k)dx', 
Jo 


(3.51) 


where 


E{x, x', k) = Z{x, k) 


^ 2 ik ( x - x ') ^ 


Z ^{x,k). 


0 1 , 

We seek a solution 'I'(a:, k) = where 

T;(x,/c) = (-1)' / JjL;(xi+i,Xi,/c)Ai(xj,/c)4'o(a^i,fe)da:i---dxi. 
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The estimates 

\diE{x,x',k)\ < C{1 + \x'— x\y, Q<x'<x<oo, A; G C^, j = 0,1 


1 /, 


n, 

(3.52) 


and 


fc)| < C") x>Q, /c G C:^, 


together with (3.47) yield 


\'i>i{x,k)\ <C \Ai{xi,k)\\'Iio{xi,k)\dxi ■ ■ ■ dxi 

J 0<Xi<---<Xi<X<OO 

c 

f Cx Y 
“ IT V|A:|™+i ) ’ 


X > 0, k € C 


K 


Hence 


\^ix,k) -To(x,A:)| < ^|Ti(x,A:)| < 


i=i 


CxeW^ 


\k\ 


m+l ’ 


x>0, A:gC^. (3.53) 


Equations (3.48a) and (3.53) prove the second column of (3.15b) for j = 0. 

Differentiating the integral equation (3.51) with respect to k, we find that A := dk^ 
satisfies 

px 

A(x, fc) = Ao(x,/c) + / E{x, X ,k)Ai{x',k)A{x ,k)dx' (3.54) 

Jo 

for each k in the interior of C;^, where 

Ao(x,/c) = [clfc4'o(x,fc)]2 + y ■^[E{x,x',k)Ai{x',k)]'ii{x',k)dx'. (3.55) 

We seek a solution of (3.54) of the form A = Proceeding as above, we find 


(j 

\Ai{x,k)\ < -||Ao(-,fc)||i,oo([o,^]) 


Cx 


\k\ 


m+l I ’ 


X > 0, k £ C^. 


Using (3.4b) and (3.52) in ( 3.55| ), we obtain 

\Ao{x,k)-[dkM^,k)]2\ < + 


X > 0, k £ C^. 


(3.56) 


\k\m+l ’ 

Thus converges uniformly on compact subsets of [0, oo) x C;^ to a continuous 

solution A of (3.54), which satisfies 


|A(x,A:) - Ao(x,A:)| < 


(7(1 + x)2xel'4^ 


1^1 


m+l 


X > 0, k £ C 


K 


(3.57) 


Equations (3.48a), ( |3.56| ), and (3.57) show that [y ]2 = 41 satisfies (3.15b) for j = 1. 
Extending the above argument, we find that (3.15b) holds also for j = 2,... ,n. V 


Claim 9. [y ]2 satisfies (3.15c). 

Proof of Claim 9. Let y{x,k) = Y{x,k)e^'^^^^^. Then y satisfies yx = Ay + ikya^. 
Thus 

{W-^y)x = -W-^WxW-^y + W-^yx 

= -lU-^(i2+ + ikWa^)W-^y + W-^{Ay + ikya^i) 
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= W ^A2i/ - ikla3,W ^y]. 


Hence 




Integrating and using the initial condition i/(0, k) = I, we conclude that y satisfies the 
following Volterra integral equation: 

y{x, k) = W{x, k) + [ W(x, {W-^A 2 y){x', k)dx'. (3.58) 

Jo 

Letting 'L = [y ]2 and 'Lo(x,A:) = \W{x,k)e~^^^^^W~^{Q,k)] 2 ^ we can write the second 
column of (3.58) as 


^'(x,/c) ='I'o(3;, fe) + / E{x,x\k){A 2 ^){x',k)dx\ 

Jo 


where 


E{x, x, k) = W{x, k) 
As in the proof of Claim 8, the estimates 


^2ik{x'-x) ^ . , 

W {x ,k). 


x', A:)| < (7(1 + |x' — x|)-^, 0 < x' < X < oo, /c G C_, j = 0,1,..., 


n, 


and 


|'ho(x, A:)| < (7, X > 0, A; G C5, 


together with (3.47) yield 


|4'(x,/c) - 4'o(x,A:)| < 


CxeJE^ 


X > 0, k € C 


K 


(3.59) 


Equations (|3.48b|) and (|3.59|) prove the second column of (|3.15c|) for j = 0. Proceeding 

□ 


as in the proof of Claim 8, equation (3.15c) follows also for j = 1,..., n. 


Remark 3.4. The proof of Theorem 3.2 was inspired by Chapter 6 of [^, where asymp¬ 
totic results are derived for differential equations on a finite interval. 

3.4. The spectral functions {a{k),b{k)}. Let s{k) = 7f(0,/c). Since X obeys the 
symmetries (3.16), we may define the spectral functions a{k) and b{k) for Im/c < 0 by 

s{k) 


_ I a{k) b{k) 
YA6(fe) o,{k) ^ 


k G (C+,C_). 


(3.60) 


Theorem 3.5. Suppose u{x) satisfies (3.3) for some integers m > 1 and n > 1. Then 
the spectral functions a{k) and b{k) have the following properties: 

(а) a{k) and b{k) are continuous for Im A: < 0 and analytic for Im A: < 0. 

(б) There exist complex constants {aj,bj}f' such that 

1 


a(k) = 1 -I- ^ -I- 

rC 


+ ^ + 0 

km 


J^m+l 




1 


A-m+l 


(3.61a) 


uniformly as A: —)• oo with Irak < 0. 

















18 


NONLINEAR FOURIER TRANSFORMS 


(c) For j = the derivatives a^^\k) and b^^\k) have continuous extensions to 

Imfc < 0 and 


^ 1,^ + f + ■ ■ ■ + J + ^ V km+1 


, ®1 , , 


km+1 


(3.61b) 


Im k < 0. 


(3.62) 


uniformly as k ^ oo with ImA: < 0. 

(d) a and b obey the symmetries 

{ a{k) = a{—k), 

b{k) = b(^, 

(e) \a{k)\‘^ — X\b{k)\‘^ = 1 for A: G M. 

(/) If X = 1, then a{k) 0 for ImA: < 0. 

Proof. Letting Oj = ( Xj{0) )22 and bj = (Xj(0))i2, properties (a)-(c) follow immediately 
from Theorems 3.1 and 3.2 Property (d) is a consequence of the symmetry X(x,k) = 


X{x,—k). Property (e) follows since detX = 1. 

Suppose A = 1. Then (e) implies that |a(A:)| > 1 for A: G M. It only remains to prove 
that a{k) 0 for ImA: < 0. 

Suppose a(A:o) = 0 for some A:o G C with ImA:o < 0. Consider the space L^(M, C^) of 
vector valued functions f = {fi, f 2 ) equipped with the inner product 

if, 9 ) = [ {fi9i + h 92 )dx. 


Let 

ju{x), X > 0, f 0 Ue 

^ \0, X < 0, 0 

Then the operator L = ia^dx — iusUg satisfies 

{Lf: 9 ) = if, L 9 ) whenever /, 5 G C^) C 


Define h G L^(]R, C^) by 


h{x) = < 


[X(x,A:o)] 2 e x > 0, 

/ 6(A:o)e*^°^\ 

\ 0 r 


X < 0. 




The condition a(ko) = 0 implies that h is continuous at x = 0. Moreover, since Im ko < 0, 
h has exponential decay as x —)• ± 00 . It follows that h G LA^(M, C^). But since Lh = k^h 
this leads to the contradiction that the eigenvalue kQ must be real: 

ko{h, h) = {Lh, h) = {h, Lh) = ko{h, h). 


This proves (/). 


□ 
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4. Spectral analysis of the t-PART 


Let real-valued functions defined for t > 0 and let 

V(L k) = - 2i\kgla‘i + 2ikgiax + (52 - 2\gl)a2,<Tx 

-2i\kgl -4:k‘^go + ‘2.ikgi - 2Xg^ + g 2 


^-4:\k‘^go - 2i\kgi - 2g^ + \g 2 2i\kgl 

Consider the linear differential equation 

Tt + Aik^[az,T]=yT, (4.1) 

where T{t,k) is a 2 x 2-matrix valued eigenfunction and fc G C is a spectral parameter. 
We define two 2 x 2-matrix valued solutions of (4.1) as the solutions of the linear Volterra 
integral equations 

rt 


T{t,k)=I + 
Uit,k) = I + 


00 

rt 




(4.2a) 

(4.2b) 


The proof of the following theorem is given in Section |4.2| 


j = 0,1,2, 


Theorem 4.1. Let m > 1 and n> 1 be integers. Suppose 
/,,GC[-^l([0,oo)), 


(1+ ^1=0,1,2, i = 0,l,. 


[^] 


(4.3) 


Then equation (4-1) admits two 2 x 2-matrix valued solutions T and U with the fol¬ 
lowing properties: 

(а) The function T{t,k) is defined for t > 0 a nd k £ (l)_,i)+). For each k G (i)_,Z)+), 
the function T {■, k) G (^^([OjOo)) satisfies (f.l). 

(б) The function U{t,k) is define d fo r t > 0 and k € C. For each k € C, the function 
U{-,k) G C'^([0,oo)) satisfies (4-1)- 

(c) For each t >0, the function T{t, •) is hounded and continuous for k G (i)_,l)+) and 
analytic for k G (I1_,Z1+). 

(d) For each t>D, the function U{t,-) is an entire function of k G C which is bounded 
for k G {D+,D.). 

(e) For each t > 0 and each j = 1,... ,n, the partial derivative •) has a continuous 

extension to (Z)_,l)+). 

(/) T and U satisfy the following estimates: 




< 


dkl 

for j = 0,1 ,... ,n. 


. C(l + |fc |)2 

C(l + |A:|)2+4ie 

(1 t)'^-j ’ 

< C'min(L 1)(1 -h 


t > 0, kG{D-,D^), (4.4a) 

, t > 0, kG{D^,D-), (4.4b) 


4.1. Behavior as fe —?■ 00. Equation (4.1) admits formal power series solutions Tformai 
and Uformal, normalized at t = 00 and t = 0 respectively, such that 


Tformai (F k) = I + ^ + ^ + ■ ■ ■ 


k 


A:2 


Uformalit, k) = I + ^ ^ + 


k 






(Wijt) W2{t) 
\ k ^k^ 




(4.5) 

(4.6) 
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and 


lim Tj{t) = 0, 

t^OQ 


^i(0) + T^,(0) = 0, 


i> 1- 


Indeed, substituting (4.5) into (4.1) the diagonal terms of 0{k yield 

= -^goa^<yxT\% - 2iXgla^T'^f^ + 2igiaxT\% + (52 - 2Xgl)a^axTf , 
while the off-diagonal terms of yield 

+ 4<?ocT3aArj5i + 2iXgla:,T\% - 2maxT^% 


(4.7) 


-{g2-2Xgl)a5axT^%y (4.8a) 

Using (4.8a) to eliminate ^j+i’ ^^*4 from (4.7), we find after simplihcation 

d^j,{d) ^gia^axOtT^}^ - ^{g2 - Xgo)axdtT^% - ^-^gig^axT^^^i 


+ ^(%o - 2 Ac/25o + A5ff)cr3T)f\ - ^(A52 - go)gl(T3axTj% 


+ ^5o5l^j-2 + g(9'2 — A5 o)(A( 72 — 2g'o)<T3?)j'_3. 


(4.8b) 


Equations (4.8) provide the recursive equations necessary to generate the T^-’s. The 
coefficients {V^} satisfy the equations obtained by replacing {Tj} with {Vj} in (4.8). 
Moreover, substituting 


into (4.1) we find that the coefficients {lUj} satisfy the equations obtained from (4.8) 
by replacing {T^^} and with {iuj°^} and respectively. The coefficients 

{Tj{t), Vj{t), Wj{t)} are determined recursively from the above equations and the initial 
assignments 

r_2 = r_i = 0, To = I, u_2 = u_i = 0, Vo = I, 1U_2 = iu_i = lUo = o. 

The first few coefficients are given by 




0 5o(i)\ 

-Xgo{t) 0 j + 3 2 , 


{3Xg^ + gl - 2gog2)dT, 


T2{t) = ^{gi + ‘2^m{Ti)22)(J3(Tx 


- I 


iX 


-j- [90 (-4:52 (Ti)22 + *501) + 6Ag'o(2h)22 + 2 g'l{Ti) 22 \ dr, 


Tsit) — — g (—450(^2)22 — A^o + 2 i( 7 i(ri )22 + 52) ta 

+ <73 / ^ [4^0 — 4A(7ofl'2 + <72 + 12A5fo(T2)22 + <7i (45i(r2)22 — got) 
J 00 ^ 

+ go (2i(ri)225oi + git - 852(^2)22) ] dr, 


(4.9) 


Vdt) = j 


0 9 o{t)\ , ^ ^ 

-Xgo{t) 0 J ^ ^ 2 , 


{3Xg^ + gl- 2 gog 2 )dT, 


1 ( iX 

V 2 {t) = -^{gi + 2ig'o(Ui)22)o'3(TA + “ y ~j\do (-452(^1)22 + igot) 
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+ 6A5o(^i) 22 + 25i(Vi)22]t^T H— 

V 3 (t) = — - (—4(70(^2)22 — A^o + 2 i 5 i(Vi )22 + 52) ( 7 a 

o 

/ t 

[4^0 “ 4Ag'ofl'2 + 92 + 12A5(o(V 2)22 + 5l (45(l(V2)22 - got) 

+ go i 2 i{Vi) 22 got + 9it - 8 g 2 iV 2 ) 22 )]dT, (4.10) 

d 

H^i(0 = - 

W 2 {t) = - ^go{W,)uI + <t3(Ta| [3g^ + Xgf - 2 Xgog 2 ] (W^i)i2dr - 

W3{t) = — -(51(14^1)12 — 2i5o(4l2)i2)(73 + ciaI J - [2i(35o + ^9i — 2A5o52)(442)i2 

+ Xgo{Wi)i2got]dT + -(52(0) — 2A5o(0))|. 


If {gj{t)}o have a finite degree of regularity and decay, only finitely many coefficients 


describes the behavior of T and U as A: —t- 00. 


{Tj,Vj,Wj} are well-defined. The following result, whose proof is given in Section 4.3 


Theorem 4.2. Suppose {gjit)}o satisfy (4-3) for some integers m > 1 and n> 1. Then, 
as k ^ 00 , T and U coincide to order m with Tformal o.iT-d Uformal respectively in the 
following sense: The functions 


f{t, k) = I+ + • • • + 


k 

U{t,k) = I+^^ + 


^m+3 

4;n+3(t) ^ ^Wijt) 


f^m+3 


+ 


44m+3(A) \ Sik^tai 

^ k^+^ J 


are well-defined and there exists a K > 0 such that 


dy 


[T -f) 


< 


c 




for all k G (I1_,Z1+) with |/c| > K, and 


dy 


{U-U) 


< 


Uy 1. 

Cil + ty+'^e+r^ 


\k\ 


m+l—2j 


t> 0 , j = 0, l,...,n. 


A > 0, j = 0, l,...,n, 


for all k G (I1+,Z1_) with \k\ > K, 






—Sik^tas 


< 


O L 

C{l + t)^+^e++^ 


|A:|™+i-2i ’ 

for all k G (i)_,Z)+) with \k\ > K. 

4.2. Proof of Theorem |4.1| , In view of the symmetries 

wt, u\ - A = l, 

|cJ2T(t, fc)cJ2, A =-1, 


(4.11) 

(4.12) 

(4.13a) 

(4.13b) 


t>0, j = 0, l,...,n, (4.13c) 


(4.14) 


which are valid for F = T and T = [/, it is enough to prove the theorem for [r]2 and 
[U] 2 - We first consider the construction of [T]2. 
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Let 'L(t, A:) denote the second column of T{t,k). As suggested by (4.2a), we define 4' 
by the integral equation 


^(t, k) = E{t, t', k)y{t', k)^{t', k)dt\ t > 0, (4.15) 


where 


Eit,t',k)=(^ 


, 8 ik ^{ t '— t ) g 


0 


1 


We use successive approximations to show that the Volterra integral equation (4.15) has 
a unique solution 'L(t, A:) for each k G Z)+. Let 4'o = and define 4'; for / > 1 

inductively by 

/ OO 

E{t,t', k)\/{t', k)'ifi{t', k)dt', t>0, k G D^. 


Then 


k) =(-!)' / E{ti+i,ti, k)\/{ti, A)4'oc^Ai • • • dti. 

Jt=ti+i<ti<--<ti<oo 


(4.16) 


Using the estimates 


and 

we find 

\'i'iit,k)\<C 


\E{t,t', k)\ < C, 0 < t < t' < OO, k G Z1+, 

iiv(-,fc)iiL.(i..,o))< t>o, k€c, 




^ l|V( (1+t)^ 


t > 0, A G L>+. (4.17) 


Hence the series 


'^{t,k) = ^4';(t,fc) 


1=0 


continuous solution 'I'(t, A) of (4.15). Moreover, 


converges absolutely and uniformly for t > 0 and A in compact subsets of 11+ to a 

t>0, A G Z)+, (4.18) 


C(l+|fc|)^ 


|4'(Lfc) -4'o| < 


< 


C(l + |A|)2eWW 


1=1 


(1 + t)^ 


which proves ( |4.4a ) for j = 0. Using the estimate 

\diEit,t',k)\<cii + \k\f^ii + \t'-t\y, 

0 <t <t' < OO, A G i)+, j = 0,1,..., n, (4.19) 


with J = 1 to differentiate under the integral sign in (4.16), we see that 4'/(t, •) is analytic 
in 11+ for each 1 ; the uniform convergence then proves that T is analytic in il+. 

It remains to show that [T ]2 = di satisfies (e) and (/) for j = 1,..., n. Let 

/ OO 

{dkE){t, t', A)V(t', A)^(t', k)dt'. (4.20) 
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Differentiating the integral equation (4.15) with respect to k, we find that A := dk^ 
satisfies 


A(t, k) = Ao(t, fe) — y E{t, t', k)\/{t', k)A{t', k)dt' 


(4.21) 


for each k in the interior of the differentiation can be justified by dominated conver¬ 
gence using (4.19) and a Cauchy estimate for <9^4'. We seek a solution of (4.21) of the 


2 \ I 


form A = Proceeding as in (4.17), we find 

Using (4.18) and ( |4.19[ ) in (4.20), we obtain 


c(i+|fc|)'^ 


|Ao(t, A:)| < 


C(l + |A:|)^e (1+*)” 


t > 0, fc E D+. (4.22) 


t > 0, k£D+. (4.23) 


{1 + t)^-^ 

In particular || Ao(-,/c)||i;,tx>([^ is bounded for t > 0 and k in compact subsets of D+. 
Thus, converges uniformly for t > 0 and k in compact subsets of D+ to a 

continuous solution A of (4.21), which satisfies the following analog of (4.18): 

^2 


|A(t, k) - Ao(t, k)\ < 


C(l + |fc|)^ 

C{l + \k\fe d+C" 


t > 0, k € i4+. 


(4.24) 


In view of equations ( 4.23| ) and (4.24), we conclude that [X ]2 = T satisfies (e) and (/) 
for j = 1. 

Proceeding inductively, we find that A^-^^ := 9^4' satisfies an integral equation of the 
form 


A^^\t,k) = A^Q^\t,k) - I E{t,t',k)y{t',k)A^^\t',k)dt', 


where 


|Ao^^(t,A:)| < 


C(l + |fc|)2 

C(l + |A:|)2+4Je d+‘)" 


t > 0, k £ D^. 


(1 t)^-^ 

If 1 < J < "R, then ||Aq'^^(-, A:)||^oo([j is bounded for t > 0 and k in compact subsets 

of Z)+; hence the associated series A^f-* = converges uniformly on compact 

subsets of [0, oo) x to a continuous solution with the desired properties. 

We now consider the the construction of [U] 2 - In this case, we introduce {4'^}“ by 
the following analog of (4.16): 


^i{t,k) ={-iy / T\E{ti+i,ti,k)\/{ti,k)^odti---dti, 

J0<ti<---<ti<t<oo 

where t > 0 and k G C. This leads to an entire function 4'(t, k) = k) satisfying 

(4.1). Moreover, as in (4.17), we find 

C min(t, 1)*(1 -|- |fc|)^^ 


C 


|'kKf,A:)|<yi-||V(.,A:)|r^,([o_,]) 


< 


n 


t>0, k £ D_, 


which leads to the following analog of (4.38): 


|4'(t, k) — 4'o| < |4';(t, k)\ < C min(f, t > 0, k £ D^. 


l=i 
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This proves (4.4b) for j = 0. Letting 

Ao{t,k) = [\dkE){t,t',k)y{t',k)^{t',k)dt\ 

Jo 

we find that A := 5^4' satisfies 

A(f,/c) = Ao(t,/c) + f E{t,t',k)\/{t',k)A{t',k)dt' 

Jo 


The proof of (|4.4b|) for j = I follows from the following analogs of (4.22)-(4.24): 

\2l 


C. 


\M{t,k)\ < —||Ao(-,fe)||Loo([o,t])(l + |A:|) , 

|Ao(Lfc)| + 

|A(t, k) - Ao(t, A:)| < Ct{l + 

which are valid for t > 0 and k G D-] the proof for j = 2,..., n is similar. 


□ 


4.3. Proof of Theorem 4.2, We first consider [T] 2 . Our first goal is to show that T is 
well-defined and invertible for k large enough. 

Claim 1. are functions of t > 0 satisfying 

f (l + trTjit) G Ln[0,oo)) n L“([0,(X))), 

\(l + frr'(t)GLH[0,oo)), 


j = 1 ,... ,m + 3. 


(4.25) 


Proof of Claim 1. The assumption (4.3) implies that 
C 


gf\t) < 


(1 + t)^’ 
Indeed, if i = 0,1,..., 


t>0, j = 0,l,2, z = 0,l, 


_ X and t > 0, then 


{l + trgf\t)\<\gf\o)\+ I \n{l + tr-^gf>{t’) + {l + trgr'’{t’)\dt'<C. (4.27) 






m + 5 — j 


,(*+ 1 ) f+/\ 


- 1 . 


(4.26) 


Let Sj refer to the statement 


^ c[^]([0,oo)), G C[^l([0,oo)), 

(1 + tYd^pfit) G Li([0, oo)) for i = 0,1,..., 
[{l+trYTj^\t) G LY[0,oo)) for i = 0,1,..., 


The same kind of argument that led to (3.30) now shows that 


l + t)’"7;^^^llLi([0.oo)) <oo, j = 1,2,3. 


(4.28) 


Using (4.28) and the explicit expressions in (4.9), we conclude that Si, S 2 , and S 3 , hold 


Estimates similar to (3.30) together with the relations (4.8) imply that if 4 < j < m -|- 3 
and Sj-i, Sj- 2 , Sj -3 hold, then Sj also holds. Thus, by induction, {S^^Y^ hold. This 
shows that are functions satisfying (1 -|- tYd^Tj{t) G L^([0,oo)) for i = 0,1 

and j = 1,..., m + 3. The boundedness of (1 + t^Tj (t) follows by an estimate analogous 
to V 


Claim 2. There exists a. K > 0 such that T{t,k) ^ exists for all A: G C with \k\ > K. 
Moreover, letting A = —Aik^as + V and 


A{t,k) = (Tt{t,k) — 4ik^T{t,k)a3)T{t,k) t>0. 


>K, 


(4.29) 
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t>0, \k\ > K, 


the difference A(t, k) = A(t, k) — A{t, k) satisfies 
\A(t fe')| < 

where / is a function in L^([0, oo)) H C([0,oo)). In particular 
ll^(^ llLi([t,oo)) — iTuiiZTTi rrzw’ t> 0 , 


> K. 


(4.30) 


(4.31) 


|A:|™+i(l + t)”’ 

Proof of Claim 2. By Claim 1, there exists a bounded continuous function g G 
L^([0,cx))) such that 

9{t) 


m)\ < 


{m + 3)(1 + ty 


t >0, j = 1,..., m + 3. 


(4.32) 


In particular, 


m+3 

E 

i=i 


Tj{t) 




< 


9{t) 


|A:|(l + t)"’ 


t > 0, 


> 1 . 


Choose K > max(l, ||fl'||Loo([o,oo)))- Then T(t, k) ^ exists whenever \k\ > K and is given 
by the absolutely and uniformly convergent Neumann series 


f(*.*:r‘ = E -E 


1=0 


Furthermore, 


m+3 


E -E 


Tjjt) 

ki 


i=i 


oo 

S E 

/=m+4 


ki 


t >0, \k\ > K. 


9{t) 


\m+ty 


< 


Cg{t) 


n — |I,|m+4 


\k\^+^{i + ty 


(4.33) 


/=m +4 ^ j=l 

for t > 0 and |A:| > K. Now let Qo{t) + + ^0^ + • • • be the formal power series 

expansion of T(t, k)~^ as A: —?■ oo, i.e. 

Qo{t) = /, Qi{t) = Q2{t) = Ti{tf - T2{t), 

Qsit) = Ti{t)T2{t) + T2{t)Ti{t) - Tf{t) .... 


Equation (4.32) and the inequality (4.33) imply that the function £{t,k) defined by 

f(*+) = r(<+)-‘-E^ 

j =0 


satisfies 


\Sit,k)\ < 


Cgit) 


|^|m+4(l _^^)n’ 


t > 0, 


> K. 


(4.34) 


Let A(t, k) be given by (4.29). Since Tfo^mai is a formal solution of (4.1), the coefficient 
of k~^ in the formal expansion ofA = ^ — 4asA:—>-oo vanishes for j < m; hence, in 
view of Claim 1 and (4.34), 


|A| = 


< 


m+3 


A-{ft-4ik^fa3)i ES + ^ 


j =0 


ko 


Cg{t) 


- |A:|”^+i(l + t)’' 

Cf{t) 


< 


|/c|™+i(l + t)”’ 


|(T) - 4iA:3f^73)T| 
t > 0, \k\ > K, 
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where / is a continuous (not necessarily bounded) function in L^([0,oo)). This proves 

V 

Given > 0, we let = D± n {|/c| > K}. 

Claim 3. The Volterra integral equation 

/ OO 

E{t, t', k)A{t', , k)dt', (4.35) 

where 'I'o(t, k) = [T(t, k )]2 and 


E{t,t',k) =f{t,k) 


0 1 


T{t',k)-\ 


has a unique solution 'h(t, k) for each k G D+- This solution satisfies 'h = [T] 2 . 
Proof of Claim 3. Define T; for I > 1 inductively by 


^i+i{t,k) = —J E{t,t',k)A{t',k)'i/i{t',k)dt', t>0, k€D 


K 


Then 


^i{t,k)={-iy Jj£;(ti+i,ti,A:)A(fj,A;)To(ti,/c)dti---dtz. (4.36) 

Jt=tl + l<tl<---<tl<00 


Using the estimate 


\E{t,t',k)\ < C, 0 < t < t' < OO, k G D^, 


as well as (4.31), we find, for t > 0 and k G D!^, 

n I 


Since 


we hnd 


\^i{t,k)\<C / |A(U, A:)||To(ti, A:)|dfi • •-dfz 

< |j-||'I'o(-, fc)||L“([t,oo))ll^(G ^)llLi([i,oo)) 

C f c ' 

~ |[II'^o(g ^)llL“([t,oo)) |y^|m+l^ _|_ ly 


sup ||To(-,A;)||£,oo([o,oo)) < C, 


(4.37) 






c 


t>0, k G D^. 


l\ V|A:|”^+ni + 0' 

Hence the series = Y^^Q'^i{t,k) converges absolutely and uniformly for f > 0 

and k G to a continuous solution 'I'(t, k) of (4.35). Moreover, 


C 


^(1 + t)”’ 


t>0, kGD^. (4.38) 


|T(t, fe) - To(t, A;)| < ^ |Tz(t,/c)| < 

It fo llows from the integral equation (4.35) that T satishes the second column of (4.1). 
By (4.38), ^{t,k) ~ as t —)> oo. Hence, by uniqueness of solution, T = [T ]2 for 


kGDf. 


V 


Claim 4. [T ]2 satisfies (4.13a). 
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Proof of Claim f. Equation (4.38) implies that \T \2 = 4' satisfies (4.13a) for j = 0. 

A glance at the proof of Claim 2 shows that the inequality (4.30) can be extended to 
derivatives of A with respect to k: 


cm 


^km,k)\ < \k\>K, j = 0,l,...,n, 


(4.39a) 


where / is a function in E^([0, oo)) H (^([O, oo)). We will also need the following estimate 
for j = 0,1,..., n: 


Let 


\dlE{t,t\k)\ <Cm{l + \t'-t\y, 0<t<t'<oo, keD^. 


r°° d 

Ao{t, k) = [dkT{t, k)]2- ^ [E{t, t', k)A{t', k)] 4' {t', k)dt'. 


(4.39b) 


(4.40) 


Differentiating the integral equation ( 4.35[ ) with respect to fe, we find that A := 9^4' 
satisfies 


A(t, k) = Ao(t, k) — J E{t, t', k)A{t', k)A{t', k)dt' 


(4.41) 


for each k in the interior of ; the differentiation can be justified by dominated con¬ 


vergence using (4.39) and a Cauchy estimate for cffc'L. We seek a solution of (4.41) of the 


form A = Proceeding as in (4.37), we find 


C ( C 

\Ai{t,k)\ < ||-||Ao(-, A:)||l°°([loo)) 


t >0, k £ D 


K 


Using (4.38) and ( |4.39| ) in (4.40), we obtain 
\Ao{t,k) - [dkf{t,k)]2\ < ^ 


|^|m-l(l _^^)n-l’ 


t > 0, k £ D 


K 


(4.42) 


In particular ||Ao(-, A:)|| 2 ,oo([t is bounded for k £ and f > 0. Thus, 
converges uniformly on [0, oo) x to a continuous solution A of (4.41), which satisfies 
the following analog of (4.38): 


|A(t, k) - Ao(t, k)\ < 


C 


t > 0, k £ D^. 


|"^+i(l + t)"’ 


(4.43) 


Equations (4.42) and (4.43) show that [T ]2 = 4' satisfies (4.13a) for j = 1. 

Proceeding inductively, we find that A^-^^ := 5^4^ satisfies an integral equation of the 
form 

, roo 

A^-^)(f,/c) = Aq (t,/c) — / E{t,t',k)A{t',k)A^^\t',k)dt', 


where 


A^y\t,k) - [dlf{t,k)]2\ < 


C 


t > 0, k £ D^. 




If 1 < i < 71, then ||Ag'^\-, A:)|| 2 ,cx>([j oo)) is bounded for k in compact subsets of and 
t > 0; hence the associated series A^-^^ = Ap^ converges uniformly on compact 

subsets of [0, oo) x to a continuous solution with the desired properties. 

The above claims prove the theorem for T. We now consider [U] 2 - 
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Claim 5. are functions of t > 0 satisfying 

fz„Vr,GL-([ 0 ,oo)), ^ 

\z',fF'ELn[ 0 ,oo)), 

Proof of Claim 5. Let Sj and Sj refer to the statements 

E C[=^l([0,oo)), vf E C'[=^l([0,oo)), 
E Li([0,oo)) for z = 1,..., 


[d^Vl^>{t) e L^{[0,oo)) fori = l,...,[^^^], 

^ c['^l([0,oo)), E C['^l([0,oo)), 

d^wf\t) E Li([0, oo)) for z = 1,..., [=^], 


and 


m+7-j 1 


^d^Wj{t) E L^([0,cx))) for z = 1,..., [ 3 

respectively. Using the expre ssio ns ( 3.11[) and (3.12) for Vi and lUi, we conclude that 
{Sj,Sj}l hold. The relations (3.8) and (3.9) imply that if 4 < j < m+3 and {*S'i, 
hold, then Sj and Sj also hold. Thus, by induction, {Sj,Sj}J^J'^^. This shows that 
{1^-, are functions satisfying dVj,dWj E L^([0,oo)) for j = l,...,m + 3. 

Integration shows that Vj, Wj E L°°([0, 00)) for j = 1,..., m + 3. V 


We define V and W by 


l>(*,t) = 7 + Wi + ... + i^. 


k 




so that 


U{t, k) = V{t, k) + W{t, 


Claim 6. There exists a K > 0 such that V {t, k) ^ and W {t, k) ^ exist for all /c E C 
with |A:| > K. Moreover, letting A = —Aikf'a^ + V and 


{Ai{t,k) = {Vt{t,k) - Aik^V{t,k)a^)V{t,k) \ 

\A2{t,k) = {Wtit,k) + iik^Wit,k)a3)Wit,k)-\ 

the differences 

Ai{t,k) = A{t,k) - Ai{t,k), 1 = 1,2 

satisfy 

C + f{t) 


t > 0, 


>K, 


\dlAi{t,k)\ < 


Im+l ’ 


t > 0, 


>K, j = 0,l,...,n, 1 = 1,2, 


where / is a function in L^([0, 00 )) n C([0,cx))). In particular. 


Ct 


\M-’f^)\\LHio,t])< t>0, 


>K, 1 = 1,2. 


Proof of Claim 6. The proof uses Claim 5 and is similar to that of Claim 2. 


Claim 7. We have 

r 


dki . 
di r 


V{t, k) - JJ{t, k) 


J 2 


< c(i + ty 


1 + |e' 


Sik^t I 


|m+4—2ji ’ 


dy . 


W{t, k) - U{t, 


<C{l + ty- 


I 


|m+4—2j ’ 


(4.44) 

V 

(4.45a) 

(4.45b) 


2 
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for all t > 0, \k\ > K, and j = 0,1,... ,n. 

Proof of Claim 7. We write 

Uformal{tj k) = Vformal{t^k) + ^Vformal{t^k)e 

where 


Vformalit, k) = I + + • • • , 


k 


A ;2 




k 


A :2 


Then 


Vformalit, JO, k) = Uformal{t,k) 


(4.46) 


to all orders in k. Indeed, both sides of ( 4.46[) are formal solutions of (4.1) satisfying the 
same initial condition at t = 0. Truncating (4.46) at order k~"^~^, it follows that 

V{t, k) = U{t, k) + 0(A:-”"-^) + 

Using Claim 5 and estimating the inverse U“^(0,fe) as in Cl aim 2, we find (4.45a) for 
j = 0. Using the estimate we find (4.45a) also for j > 1. 

Similarly, we have 


Wformal{t^)e^^^''^^^Wj^^^l{Q,k) = UformaliC 

to all orders in k and truncation leads to (4.45b). 


V 


Claim 8. [17]2 satisfies (4.13b). 

Proof of Claim 8. Using that [/(t, k) satisfies (4.1), we compute 

{V-^U)t = -V-^VtV-^U + V-^Ut 

= + Aik^Va^)V-^U + V-^{AU + Uk^Ua^i) 

= U-^AiU - 4 zA:3[cj3, y-^U]. 

Hence 

Integrating and using the initial condition 1/(0, k) = /, we conclude that U satisfies the 
Volterra integral equation 

U{t, k) = V{t, k) + [ V{t, k)e^^’^'V-ty3^v-^/:^iU){t', k)dt'. (4.47) 

Jo 

Letting T = [U ]2 and 'ifo{t,k) = [V{t,k)e~^'^^^^^^V~^{0,k)]2, we can write the second 
column of (4.47) as 

4'(t, fc) ='I'o(t,/c) + f E{t,t\k){Ai'i){t',k)dt', 


where 


E{t,t',k) = V{t,k) 


g8ifc3(t'-I) Q 
0 1 


v-\t',k). 


We seek a solution 'I'(t, k) = where 


^i{t,k) = i-iy 


/ n k)Ai{ti, fe)To(ti, k)dti ■■■dti- 


The estimates 


\dl,E{t,t' ,k)\ < C\ky‘^ {1+ \t'— t\)\ 0<t'<t<oo, k£D_, j = 0,l,...,n. 


(4.48) 
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and 


\'^o{t,k)\ <C, t>0, 


together with (4.44) yield 


\'^i{t,k)\<C / T\\Ai{ti,k)\\'^o{ti,k)\dti-■ ■ dti 

J0<ti<---<ti<t<oo 

c 

I 

t > 0, /c G . 


^ C/ Ct 


n V|fc| 


m+l / ’ 


Hence 




< 


Ct 


t >0, k e . 


Im+l ’ 


(4.49) 


1=1 


Equations (4.45a) and (4.49) prove the second column of (4.13b) for j = 0. 

Differentiating the integral equation (4.47) with respect to k, we find that A := 9^4' 
satisfies 


A(t,k) = Ao{t,k) + / E{t,t',k)Ai{t',k)A{t',k)dt' 


(4.50) 


for each k in the interior of , where 


d 


Ao{t,k) = [dk'^o{t,k)]2+ —[E{t,t',k)Ai{t',k)]^{t',k)dt'. (4.51) 


/o dk 


We seek a solution of (4.50) of the form A = A;. Proceeding as above, we find 


C. 


Ct 


\Aiit,k)\ < |j-||Ao(-,A:)|Uoo([o^i])(^^^^^ 

Using (4.4b) and (4.48) in ( 4.51| ), we obtain 

U(l + t)2 


t > 0, k £ . 


\Ao{t,k) - [dk^o{t,k)]2\ < 


\m—l ’ 


t > 0, k £ . 


(4.52) 


Thus A; converges uniformly on compact subsets of [0, oo) x to a continuous 
solution A of (4.50), which satisfies 

ct 

1 

t > 0, k £ D^. 


\A{t,k) - Ao{t,k)\ < 


C{1 + 


Im+l 


(4.53) 


Equations (4.45a), ( |4.52 ), and ( |4.53 ) show that [17]2 = T satisfies (4.13b) for j = 1. 
Extending the above argument, we find that (4.13b) holds also for j = 2,... ,n. V 


Claim 9. [U ]2 satisfies ( |4T^ . 

Proof of Claim 9. Let w{t^ k) = U{t, Then w satisfies wt = Aw — Aik'^wa^. 

Thus 

{W-^w)t = -W-^WtW-^w + W-^wt 

= -W-^{A2W - Aik^Was)W-^w + W-^{Aw - di/c^wg) 

= W~^A 2 W + 4iA:^[cj3, W~^w]. 
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Hence 

Integrating and using the initial condition 'w{0,k) = I, we conclude that w satisfies the 
Volterra integral equation 

pt 

wit,k) = Wit,k)e'^^^'^^^W-\0,k)+ / Wit,k)e^^^'^^-^'^^^{W-^A2w)it',k)dt'. (4.54) 

Jo 

Letting iL = [w ]2 and ^oit,k) = [W{t,k)e'^^’^^^^^W~^{0,k)]2, we can write the second 
column of (4.54) as 

fi 


^{t,k) = ^o{t,k) + f E{t,t',k){A2'^){t',k)dt', 
Jo 


where 


E{kt',k) = W{t,k)i^^ ^ ' ^^]W-\t',k). 

As in the proof of Claim 8, the estimates 


0 1 


\dlE{t,t',k)\ < C\k\^^ {1 + \t'— t\y, 0<t'<t<oo, keD^, j = 0,l,...,n, 


and 


|'I'o(L ^)l < C") t>0, k£D^, 


together with (4.44) yield 


\^it,k) - 4'o(Lfc)l < 




n+1 


t > 0, k £ D^. 


1^1 


m+l ’ 


(4.55) 


Equations (4.45b) and (4.55) prove the second column of (4.13c) for j = 0. Proceeding 
as in the proof of Claim 8, (4.13c) follows also for j = 1,..., n. □ 


4.4. The spectral functions {A(/c), B{k)}. We let S{k) = T(0, k) and define the spec¬ 
tral functions A{k) and B{k) for k G 11+ by 


s(k^ =( 

^ ’ \XB{k) A{k)J ’ 


kG(D_,D+). 


(4.56) 


Theorem 4.3. Suppose {gj{t)}Q satisfy (4.3) for some integers m > 1 and n > 1. Then 
the spectral functions A{k) and B{k) have the following properties: 

(а) A{k) and B{k) are continuous for k G i)+ and analytic for k G 11+. 

(б) There exist complex constants {Aj,Bj}y' such that 


+*:)-! +A+ + J, 


(4.57a) 


uniformly as k ^ oo with k G 11+. 

(c) For j = l,...n, the derivatives AJ){k) and BJ\k) have continuous extensions to 
k G 11+ and 

+ T + ■ ■ ■ + ^) + ’ 


(4.57b) 
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uniformly as /c —)• oo with k G Dj^. 

(d) A and B obey the symmetries 

\A{k) = A{-k), 
\B{k) = B{-k), 

(e) A and B satisfy the relation 

A{k)A{^ - XB{k)B{k) 


kG a 


1 , kGV. 


(4.58) 


(4.59) 


Proof. Letting Aj = {Tj{0))22 and Bj = (Tj( 0 ))i 2 , properties (a)-(c) follow immediately 


from Theorems 4.1 and |4.2[ Property (d) is a consequence of the symmetry T{x,k) = 
T{x, —k). Property (e) follows since detP = 1. □ 


4.5. More spectral functions. Suppose uq, go, gi, §2 satisfy (3.3) and (4.3) for some 
integers m > 1 and n > 1. Let {a{k), b{k), A{k), B(k)} be given by (3.60) and (4.56). 
We define the spectral functions c{k) and d{k) by 


c{k) = A{k)b{k) — B{k)a{k), /c G Di U M, 
d{k) = a{k)A^ - \b{k)B{k), k G D 2 . 


Then 

We also define spectral functions h{k) and r{k) by 


h{k) 

r{k) 


B{k) 

a{k)d{k )’ 


k G D 2 , 


c{k) 

d{k) 


a{k) 


+ h{k), 


/c G M. 


(4.60a) 

(4.60b) 


5. The mKdV equation in the quarter plane 


In this section, we apply the results from the preceding sections to express the solution 
of the mKdV equation in the quarter plane in terms of the solution of a RH problem. 

Before stating the main result, we need to recall some definitions related to LP-RH 
problems. We use the notation of m- Further details can be found in 1271 (see also 
the appendix). Let J denote the collection of all subsets 7 of the Riemann sphere 
C = C U { 00 } such that 7 is homeomorphic to the unit circle and 


sup sup 
2 e 7 nC r>o 


|7nL>(2:,r)| 

r 


< 00 , 


(5.1) 


where D{z,r) denotes the disk of radius r centered at z. Curves satisfying ( |5.1|) are 
called Carleson curves. Let 1 < p < 00 . If D is the bounded component of C \ 7 
where 7 G ^7 and 00 ^ 7 , then a function / analytic in D belongs to the Smirnoff class 
E^{D) if there exists a sequence of rectifiable Jordan curves {C^}^ in D, tending to 
the boundary in the sense that Cn eventually surrounds each compact subdomain of D, 
such that sup„>]^ |/(z)|^|(iz| < 00 . If C C is bounded by an arbitrary curve in J, 

EP{D) is defined as the set of functions / analytic in D for which / o G EP{ip{D)), 
where (p(z) = and zq is any point in C \ Z). The subspace of EP{D) consisting of 
all functions / G EP{D) such that zf{z) G EP{D) is denoted by EP{D). We let E°°{D) 
denote the space of bounded analytic functions in D. 
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Let n > 1 be an integer and let S be a Carleson jump contour. Given an n x n-matrix 
valued function u : S —)• GL{n,C), a solution of the L^-RHproblem determined by {Ti,v) 
is an n X n-matrix valued function m ^ I + EP{C \ S) such that the nontangential 
boundary values m± satisfy m+ = m-v a.e. on E. 

Given a Carleson jump contour E and a, 6 G M with a < b, we call Wafi = {o < 
aigk < b} a nontangential sector at oo if there exists a <5 > 0 such that Wa-s,b+5 does 
not intersect E n {\z\ > R} whenever i? > 0 is large enough. If f{k) is a function of 
A: G C \ E, we say that / has nontangential limit L at oo, written 


lim f{k) = L, 

k^oo 

if lim k^oo f{k) = L for every nontangential sector Wa b at oo. 
keWa,b 

The following theorem expresses the solution of (1.1) in the quarter plane {x > 0,t > 
0 } in terms of the solution of an L^-RH problem. 


Theorem 5.1. Suppose uq, go, gi, g 2 satisfy (3.3) and (4-3) with n = 1 and m = 4, i.e., 
suppose 

uo G C''’([ 0 ,oo)), 50 G <^^([ 0 , 00 )), 51,52 G <^^([0,00)), 

(1 -I- x)uq\x) G L^([0,oo)), i = 0,1,..., 5, 

* = 0,1,2,3, 


(1 + t)ffo^(t) G L^([ 0 ,oo)), 


(1 + (1 + t) 52 *'’(t) G Li([0,oo)), i = 0,1,2. 


, 0 ) 


Define the spectral functions h{k) and r{k) by (4.60). Define the jump matrix J{x,t,k) 
by 


J{x, t,k) = < 


1 0 \ 

1 — A|r(/c)p ^ 

0 1 j ’ 


k G dDi, 

k eR, 

k G dDi. 


(5.2) 


If X = —1, assume that a{k) is nonzero for k G C_ and that d{k) is nonzero for k £ D 2 . 
// A = 1, suppose the homogeneous RH problem determined by (T, J(x, t, •)) (see equation 
(5.9)) has only the trivial solution for each {x,t) G [0,oo) x [0,oo). 

Suppose the spectral functions satisfy 

A{k)b{k) — B{k)a{k) = 0, k £ Di. (5-3) 

Then the L^-RH problem 

(M{x,t,-) £l + E^iC\T), 

|M_|_(x, t, k) = M_(x, t, k)J{x, t, k) for a.e. k £ T, 
has a unique solution for each (x,t) G [0,oo) x [0,oo). Moreover, the nontangential limit 


(5.4) 


u{x,t) = —2i lim {kM{x,t,k))i 2 


k^oo 


(5.5) 


exists for each (x,t) G [0,oo) x [0,oo) and the function u{x,t) defined by (5.5) has the 
following properties: 

(а) u : [0, 00 ) X [0, 00 ) —)> M is in x and in t. 

(б) u{x,t) satisfies (1.1) for x > 0 and t > 0. 
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(c) u{0,t) = go{t), Ux{0,t) = gi{t), and Uxx{^,t) = g 2 {t) for t > Q. 

(d) u{x, 0) = uo{x) for x > 0. 

Proof. The proof proceeds through a series of claims. 

Claim 1. a{k) is nonzero for k G C_ and d{k) is nonzero for k G D 2 . 

Proof of Claim 1. For A = —1 this holds by assumption. If A = 1, Theorem |3.5| shows 
that a{k) is nonzero for k G C_, while the arguments of [5S] show that d{k) is nonzero 
in D 2 ■ V 


In view of Claim 1, Theorems 3.5 and 4.3 imply that r[k) and h{k) have the following 
properties: 

• r G C^(M). 

• h is analytic in D 2 and h, h' have continuous extensions to D 2 . 

• There exist complex constants {rj,hj}f such that 




dk^ V k 


ta 






A: —)• 00 , 

A: G M, j = 0,1, 

(5.6) 

k —)■ 00 , 

keD2, j = 0,1. 

(5.7) 


• r{k) = r{—k) for A: G M and h{k) = h{—k) for k G T> 2 - 
Relation (5.3) implies that rj = 0 for j = 1,..., 4, so that in fact 

r^^\k) = 0{k~^), |A:| — 00 , A: G M, j = 0,l. 


(5.8) 


Indeed, the ex pansi ons in (3.61) of {a{k),b{k)} are valid as A; —)• 00 in Z)i U 1)2 and the 
expansions in (4.57) of {A{k),B{k)} are valid as A: —>• 00 in Di U D^. Hence c{k) has an 
expansion 


'^(^) ~ ^ + 0{k ®), 


k —>■ 00 , k ^ DiU . 


where the coefficient s {07 }f are the same as A: —)• 00 in Di and in M. Since c{k) vanishes 
identically in Di by (5.3), we have Cj = 0 for j = 1,...,4. Since r{k) = this proves 


(5.8). 


Claim 2. (Vanishing Lemma) Let x > 0 and t > 0. Suppose N{x,t, k) is a solution of 
the homogeneous L^-RH problem determined by (T, J{x,t, •))) i-®- 


N{x,tr)^E^{C\T), 

V_|_(x, t, k) = V_(x, A, k)J{x, t, k) for a.e. A: G T. 


(5.9) 


Then N vanishes identically. 

Proof of Claim 2. For A = 1, this holds by assumption. Thus suppose A = — 1. We 

- 

write N{k) := N{x,t^ k) and let G{k) = N{k)N{k) . Applying Lemma A.6 with m = 2 
and n = 0, we obtain G G i^^(C \ F) and 


/ G+{k)dk = 0, 

JdDa 

Adding these equations, we find 

[ G+dk- ^ 


ldD4, 


G-{k)dk = 0. 


IdDi 


{G+ - G-)dk = 0. 













NONLINEAR FOURIER TRANSFORMS 


35 


Since 


G+{k) = N+{k)N_{k) = N_{k)J{x,t,k)N_{k) 


= N_{k)J{x,t,k) N_{k) =G-{k), keT, 


this gives 


0 = / G-\.{k)dk = / N-{k)J{x,t,k)N-{k) dk. 


For /c G M, J{x,t,k) is a Hermitian matrix with (11) entry 1 and determinant one; by 
Sylvester’s criterion it is positive definite. It follows that N- = 0 a.e. on M. But then 
Nj^ = N-J also vanishes a.e. on M. 

Let Br be a small open ball contained in D 2 U M U ZI 3 centered at some nonzero real 
number. The function N{k) defined by 

N(k) = — [ 

Jqb, s-k 

is analytic in and equals N{k) for k € Br\'S.. Indeed, ii k € B^ Ci C+, then 


N{k) = — 


d. 




N-is) 


ds = N{k) + 0, 


Jd{BrnC+) s — k 2TTi Jd(BrnC-) s — k 

and a similar argument applies k € Br Ci C_. We infer that N{k) is analytic in Br- 
Since = 0 on H M, it follows by analytic continuation that N vanishes identically 
for k G D 2 U M U II 3 . But then N± = 0 on dDi U dD^ so by a similar argument we find 
that N vanishes for all A: G C \ F. V 


The global relation (5.3) implies that h{0) = — and r(0) = 00 It follows that 
unless 6(0) = 0, the matrix J is not continuous at A; = 0. In order to obtain a jump 
matrix which is continuous and which approaches the identity matrix sufficiently fast as 
k —>■ 00 , we introduce m{x, t, k) by 


m(x, t,k) = < 


0 1 j ’ 


M{x, t, k) 
_M(x, t, k.) 


k G Di, 

k G LI 4 , 
otherwise, 


where ha{k) is a rational function such that ha has no poles in Di, ha{0) = 6 ,( 0 ), ha{k) = 

k —>■ 00 , k G C. 


ha{—k), and 


ha{k) — ~jG 


Then 


h{k) — ha{k) = 0{k °), A: —>■ 00 , k G dDi. 


(5.10) 


It is easy to see that such a function ha exists. 

Lemma [A . 5 1 implies that the L^-RH problem for M is equivalent to the L^-RH problem 


m{x, t,-) G I + E‘^{C \ F), 

m+(x, t, k) = m_(x, t, k)v{x, t, k) for a.e. A: G F, 


(5.11) 


^The symmetries (3.621 and (4.581 imply that the values of a,b, A, B a.t k — 0 are real. 
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where 


v{x, t,k) = < 


1 0 
^X{h{k) - 1 J ’ 

1 — X\r{k)\‘^ ^ 

1 -(h^- 

0 1 J ’ 


k G 5Z)i, 

, fee: 

k G 91 ) 4 , 


(5.12) 


Let ;B(L^(r)) denote the space of bounded linear operators on (r) . Defining the 
nilpotent matrices w^{x,t,k) by 


w = < 


0 


O' 


0 o\ 

Ar(A:)e-2*fc^+8*fc"i 0 ] ’ 


and 


lo, 

0 , 


w = 


0 —r{k)e 
.0 0 


2ikx—8ik^t^ 


'0 —{h{k) — ha{k))e‘^^^^ 
0 0 


k G dDi, 

k eR, 

k G dD^, 
k G dDi, 

k eR, 

k G 5 D 4 , 


we can wri te v = {v~)~^v~^, where = I + 'w~^ and v~ = I — w~. Let Cu, be the operator 
defined in (A.2). For each (x,f) G [0,oo) x [0, 00 ), w e hav e G C'(r) and G 

I + L^(r) n L°°(T). Therefore, Claim 2 and Lemma A.2 imply that I — ^ B{L‘^{T)) 

is bijective and that the L^-RH problem determined by (F, v) has a unique solution 
m{x,t,k) for each {x,t) G [0,oo) x [0, 00 ). By Lemma A.l, this solution is given by 

m = I + C(/r(u;+ + u;“)) G I + E^{C \ F), 

where 

fi = i + {i- c^y^c^i GI + l\t). 

By the open mapping theorem, (/ — C^)“^ G B(L^(F)) for each {x,t). 

Claim 3. The map 

(x, t) I—)• /u(x, t,-) — I : [0, 00 ) X [0, 00 ) —)• L^(F) (5.13) 

is in X and in t. 

Proof of Claim 3. In view of (5.8) and (5.10), the maps 

(x, t) I—)■ (u;^(x, t, ■),w~{x, t, •)) : [0, 00 ) x [0, 00 ) —)• L^(F) x L^(F), (5.14a) 

(x, t) I—)> {w^{x, t, ■),w~{x, t, •)) : [0, 00 ) X [0, 00 ) —>■ L“(F) x L°°(F), (5.14b) 

are in x and in t. On the other hand, the map 

{w^,w-)^ I -Cy,: L°^{T) X L“(F) ^B(L2(r)) (5.15) 

is smooth by the estimate 

WCmhiL^ir)) < C'max{||u;+||ioo(r), ||u;"||i,oo(r)}. 
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(5.16) 


Moreover, the bilinear map 

{w+,w-) ^ C^I : L‘^{r) X L2(r) ^ L2(r) 
is smooth by the estimate 

||C«;/||L 2 (r) < Cmax{||u;+||i 2 (r), ||r«"||L 2 (r)}. 

Since (5.13) can be viewed as a composition of maps of the form (5.14)-(|5.16) together 


with the smooth inversion map / — i—)■ (/ — C«,) it follows that (5.13) is in x 
and in t. V 


Claim 4. The nontangential limit in (5.5) exists for each {x,t) G [0,oo) x [0,oo). 
Moreover, defining u{x,t) by (5.5), it holds that 


rux — ik[as, m] = Dm, 
mt + 4ik^[as, m] = Vm, 


{x,t) G [0,oo) X [0,oo), 


(5.17) 


where U(x,t) and \/{x,t,k) are defined by ( 2 . 2 ). 

Proof of Claim f. For each k G C \ F, the linear map 


C 


is bounded. Also, by (5.13) and (5.14), 


(x, t) I—)■ + w~) = {n — I){w^ + w~) + (rc^ + w~) : [0, oo) x [0, oo) —)> T^(F) 

is in X and in t. Hence, for each A: G C \ F, 

, . / ^ 1 f u(x,t, s)(w~^ + w~){x,t, s) , 

{x, t) HA m(x, t,k)=I+ - / ^ U s 

2m Jy s — k 

is in x and in t. Using that {c^(^(u)+ + ^~))}o a-iid dtUU~^ + '“^~)) exist in 
L^(F), we find 

{dim){x,t,-) = C{diUU+ + w~))) G .k2(C\F), 

{dtm){x,t, •) = C{dtUU~'' + 11^“))) G E‘^{C \ F), 


7 = 1,2,3, 


(5.18a) 
(5.18b) 

for each {x,t). 

Let ip = 777 ,e“ 4 -^ 2 ;+ 4 fc 3 t)o- 3 _ Then = {mx + ikmas)m~^. Since m = I + E'^{C\T) 

and rrix G E‘^{C \ F), Lemmas A.4 and A .6 show that there exist functions fo{x,t) and 
fi{x,t) such that the function / defined by 


fix,t,k) = 


{k 


1 . , s, -1 h{x,t) fi{x,t) 

-—^{mx + ikmasjm - 


[k + i) 


k + i 


lies in iii^(C \ F). The jump condition (5.11) for m implies that /+ = /_ a.e. on F and 
hence that / vanishes identically: 

f{x,t,-) = C(/+ - /_) = 0. 

We conclude that there exist functions Fo(x,t) and Ei{x,t) such that 

mx + ikmas = {Eo{x,t) + kFi{x,t))m, fc G C \ F. (5.19) 

Let VF be a nontangential sector at oo with respect to F, that is, IT = {/c G C\{0} | a < 
arg k < U where a, f3 are such that W C C \ F. We write 
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1 


= ))(x,i,s) T + 1:2 + + Ta + 


1 


s 


k k? k^ k^ k^{k — s) 


ds. 


27 ri jy 

The norm of ^{x, t,-) — I as well as the and norms of s^{w~^ + w~){x, t, s) and 

4 

+ w~)(x, t, s) are bounded (the latter uniformly with respect to all /c G IT with 
|A:| > 1). Hence, 

m{x,t, k) = I ^ + 0{k~^), A: —)> 00 , k £ W, (5.20) 


i=i 


ki 


where the error term is uniform with respect to argA G [a,/?] and 

mj{x,t) = - [ + w~)){x,t, s)s^~^ds, j = 1,2,3. 

2m Jr 


(5.21) 


We infer that the nontangential limit in (5.5) exists and that 

u{x,t) = —2i lim (fem(x, t, A))i 2 = — / + w~))i 2 {x,t,s)ds. 

k —^00 TT Jp 

Similarly, since the L^-norms of /i^, k-t as well as the and norms of (s^ + 
^)(t(;+ + w~)x and (1 + ^)(rc+ + w~)t are bounded. 


_^2 a^mj(x,t) , ^n.-3\ 


mt = 0{k-^), 


0{k- 


k —)> 00 , k £ W. 


(5.22) 


Substituting (5.20) and (5.22) into (5.19) the terms of 0{k) and 0(1) yield 

Fi = ias, Fq = -i[(T3,mi]. 

The symmetry J(x,t,k) = ajJ{x,t,—k)~^aj, where j = 1 if A = 1 and j = 2 if A = 
— 1, implies that ajm{x,t, —k)aj satisfies the same L^-RH problem as m{x,t,k); so by 
uniqueness m{x,t,k) = ajm{x,t,—k)aj. Hence 


mj{x, t) = 


{—ly aimj{x,t)ai, A = 1, 

(-l)%2mj(x,t, )(T2 , a =-1 , 


j = l,2,3. 


We give the remainder of the proof of Claim 4 in the case of A = 1; the case of A = — 1 
is similar. 

Assume A = 1. Writing mj = ajai + bja2 + CjU^ + dji, where aj, bj,Cj,dj are scalar¬ 
valued functions of (x,t), we find aj = dj = 0 for j odd and bj = Cj = 0 for j even. We 
infer that 


mi{x, t) = bi{x, t)a 2 + ci(rE, t)a^, 
m2{x, t) = a2{x, t)ai + d2{x, t)I, 
m3{x,t) = bz{x,t)a2 + C3{x,t)a3. 

Hence 61 = —m/2 and Fq = —^[ 173 , mi] = —2biai; thus 

Fq + kFi = ikuQ + u{x, t)ai. 


(5.23) 


Recalling (5.19), this proves that 


nix — *A:[cj 3 , m] = Um. 


(5.24) 


Substituting (5.20) and (5.22) into (5.24), the terms of 0{k ^) and 0{k yield 
02 = ^ - y (w.i)ii, 63 = -^(m^ + 4M(m2)ii + 2m2:(mi)ii - M^:^;). (5.25) 
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Since m — I and m* belong to E'^{C \ F), there exist functions {gj{x,t)}\ such that the 
function g defined by 

4 


gix,t,k) = 


9j{x,t) 


{k + i 
1 


^ (A: + iy 




lies in E^{C \ F). The jump condition (5.11) for m implies that 5 + = g- a.e. on F and 
hence that g vanishes identically. We conclude that there exist functions {Gj{x, t)}Q such 
that 

mt — 4:ik^mas = (k^ Gj{x,t)\m, k £ C\T. (5.26) 

V j=o J 


Substituting (5.20) and (5.22) into (5.26) the terms of O(k^), j = 0,... ,3, yield 
G 3 =-Aias, G 2 =-4imicT3 - Garni, Gi =-Aim2cr3 - G3m2 - G 2 mi, 
Go = -4im3(T3 - Gsma - G2m2 - Gimi. 


Equations (5.23) and (5.25) now show that 'y2j=o + V. 


V 


Claim 5. u{x, t) is G^ in X > 0 and G^ in t > 0. 

Proof of Claim 5. By (5.21), we have 

u{x,t) = - I {{fl - I)w^)i 2 ix,t,s)ds + - I {w~^)i 2 ix,t,s)ds. 

Jr Jr 

The claim follows from the differentiability properties of the maps in ( |5.13| ) and (5.14a) 
as well as the fact that the map 

(x, t) I—)• w~^{x, t, ■) : [0, 00 ) X [0, 00 ) — )• T^(F) 

is G^ in X and G^ in t. V 


Claim 6. u{x,t) satisfies the mKdV equation (1.1) for x > 0 and t > 0. 

Proof of Claim 6. Equations (5.17) and Claim 5 imply that nix is G^ in t and that 
mt is Gi in X. Hence the mixed partials mxt and mtx exist and are equal for x > 0 and 
t > 0. The compatibility of (5.17) implies that u satisfies (1.1). V 


Claim 7. u(x, 0) = no(x) for x > 0. 


Proof of Claim 7. Consider the x-part (3.1) with potential u{x) given by uo(x). Let 


X{x,k) and Y{x,^ denote the associated eigenfunctions defined in Theorem |3.1[ The 
results of Section imply that the function m^^\x, k) defined by 


m^^\x, k) = < 

satisfies the L^-RH problem 

'm(*)(x,-) £l + E‘^{C\. 




Im A: < 0, 

ImA: > 0, 


(x, k) = mff’ (x, k) 




ffPf —2ikx 
a{k) 


_ b{k) ^2ikx^ 

a{k) 

KW 


(5.27) 


for a.e. A: G M. 


(5.28) 
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Figure 2. The contour S and the deformed domains in the complex k-plane. 


Moreover, by (3.15a) and the explicit expression (3.10) for Xi, we have 


uo{x) = —2i lim {km^^\x, k)) 12 , 
k^oo 


(5.29) 


where the limit is taken along any direction in ImA: < 0 . 

On the other hand, in view of Claim 1, 

h{k)e-‘^^^^ E E^{D2) n E°°{D2), E E‘^{D^) O E^{D^). 

Hence, Lemma A.5 together with the expression (|5.2|) for J show that the function 


M^^\x,k) defined by 


M^^\x,k) = 


M{x, 0, k), 
M{x, 0, k) 

M{x, 0, k) 


1 0 
1 ^ 

1 h{k)e 


2ikx 


0 


1 


A: E L>i U L» 4 , 
k E D 2 , 

k E L>3, 


also satisfies (5.28). By uniqueness, Comparing the definition (5.5) of 

u{x,t) with (5.29), we obtain u(a:,0) = uo{x) for x > 0. V 


Claim 8. u{0,t) = go{t) and Ux{0,t) = gi{t) for t > 0. 
Proof of Claim 8. Since A{k) —)■ 1 uniformly as k 


00 , k E Us, we can define 


deformed domains {Ej^i so that A{k) is nonzero in P 3 , see Figure We let S 
U {Vi n 'D 2 ) U (P 3 n Vi) denote the contour separating the Vj's oriented as in Figure 


21 We choose the Vj's so that S is invariant under the involution k 


k. 


Consider the t-part (4.1) defined in terms of {ff^A)}o- Let T(t, k) and U{t, k) denote the 
associated eigenfunctions defined in Theorem |4.1[ The relation ( |5.3[ ) and the condition 
detS'(A:) = 1 imply 


d{k) = a{k)A{k) — A 


B{k)a{k) 

W) 


B{k) = 


a{k) 

wr 


k E dDi. 


This shows that A(k) admits an analytic continuation to D 2 . Since B = bA/a in Di 


by (5.3), it follows that B{k) also admits an analytic continuation to 02- The relation 
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T = Ue S{k) together with the assumption (5.3) yield the identity 

^)]i + \U{t, k)]2, t > 0, keDi. 

Since C/(t, •) is entire, this shows that [r] 2 /^ also admits an analytic continuation to L> 2 - 
Hence we may dehne by 


rrS^\t, k) = < 


{[Uit,k)]u^^), feGPiU2?3, 

P»,[C/(t,A:)]2V keV^UV^. 


(5.30) 


The results of Section imply that (t, k) satishes the L^-RH problem 
G / + .B2 ^C\S), 

1 


m^l\t,k) = m^l\t,k) I xm^Sikh 

A{k) 


B{k) Sik^t'^ 
A{k)^ 


for a.e. k gT. 


(5.31) 


A(k)A{k) 

Moreover, by ( |4.13a ) and the explicit expression (4.10) for Vj, j = 1, 2, 3, we have 

9o{t) = - 2 i(mi)i 2 (t), (5.32a) 

gi{t) = 4 (m 2 )i 2 (t) - 2 i 5 o(i)("ii) 22 (t), (5.32b) 

92{t) = A5o(i) + 8 i(m 3 )i 2 (t) + 4:go{t){m2)22{t) - 2igi{t){mi)22{t), (5.32c) 

where 

z 

mj{t) = lim k^mS^\t,k), j = 1,2,3, 

fc^OO 

and the limit is taken in a nontangential sector in D 2 U ZI 4 . 

On the other hand, deforming the contour from T to S, we find that the function A4 
defined by 

1 ) ’ kGVir\D2, 

0 1 j ’ 


M = 


M 


M 


,M, 


k G XI 4 n 11 ) 3 , 
otherwise, 


satishes 

fM(x,t,-) G/ + ^^(C\S), 

1 A4+(x, t, /c) = A4_(x, t, /c) J"(x, t, fc) for a.e. fc G S 

where J" is dehned by 

1 0 ) 

ly’ 

\ _^0^'j^2ikx—8ik^t\ 

1 —A|r(A:)p j 


(5.33) 


J{x,t,k) = < 


2ikx—Sik^i 


1 —h{k)e 

0 1 

_ 

^b{k) —2ikx+8ik^t 
a{k) 


^(fe) ^2ikx—8ik^t^ 
a{k) 

1 


k E 'Di n X^2) 
k E 'D2 n ^3, 
k E T)^ n 2^4, 

k E X^4 n . 
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Furthermore, since a(/c), d{k), and A[k) are nonzero in DiU 2 ? 2 ) ^ 2 ) and P 3 , respectively, 
we have 

\A{k)) 

It follows that the functions 


G 1 + n e°°){V 2 ), a{k)^^ G 1 + n e°°){Vi n V 2 ). 


Gi(t,kj ( Q 1 
V ^ a(k) 


' d,(k) 7/,\ 8jfc3J^ 

^ d{k) 


G3(t,A:) = 


A(k) 

d(k) 





0 


a{k)^ 


(5.34) 


satisfy Gj{t, •) G E'^{Vj)r\E°° {Vj) for j = 1,..., 4. Thus a contour deformation argnment 
together with the expression (5.2) for J show that the fnnction Md)(t, fc) defined by 


M^^\t,k) = M{0,t,k)Gj{t,k), 


keVj, j = l,...,4. 


also satisfies (5.31). By uniqueness, Comparing the definition (5.5) of 


u{x,t) with (5.32), we obtain tt(0,f) = go{t) for t > 0. Comparing (5.32) with equation 


(5.25) in the defocusing case, or with an equation analogous to (5.25) in the focusing 
case, we obtain also Ux{0,t) = gi{t) and Uxx{0,t) = g 2 {t) for t>0. □ 


Remark 5.2. In the focusing (i.e. A = —1) case, the function d{k) conld have zeros. The 
assumption in Theorem |5.l| that d{k) is nonzero in D 2 is made purely for convenience. 
Indeed, suppose d{k) has zeros in D 2 . Since d{k) —)• 1 as fc —>• 00 , we can define deformed 
domains as in Figure]^ such that d{k) is nonzero in )D 2 - By formulating the RH 

problem ( |5.4[ ) in terms of the deformed domains {T>j'\ instead of {F^j}, the same proof 
goes throngh with obvions modifications. 

Remark 5.3. In the foc usin g (i.e. A = —1) case, the function a{k) conld have zeros. The 

that a{k) is nonzero in C_ can be weakened. In particnlar. 


5.1 


assumption in Theorem 
if a{k) has a finite number of simple poles, then these poles can be easily treated as in 

In- 

Remark 5.4. Let us comment on the existence of a vanishing lemma for the RH problem 
(5.4). Zhou showed in [38] (see Theorem 9.3 of [38| 


that a homogeneous RH problem 

with a Schwarz reflection invariant contour has only the trivial solution provided that 

- 

the jump matrix J{k) satisfies (a) J{k) = J{k) for F G F\M and (b) Re J (F) i s positive 

definite on Mj^ In the focusing (i.e. A = —1) case, the jump matrix ( |5.2[ ) satisfies 

these conditions, so there exists a vanishing lemma. In the defocnsing (i.e. A = 1) 

case, we have not been able to establish a vanishing lemma. Let us explain the main 

difficulties. Let A = 1. Then the condition (a) is not satisfied; instead the jump matrix J 
- 

satisfies J{k) = azJ{k) 0 - 3 . This implies that if M{k) is a solution of the homogeneous 

- 

RH problem, then the fnnction M[k)a^M{k) has no jump across F; hence it vanishes 
identically. In particular, 


M_(F)J(F)cj 3 M_(F) =M_{k)a^J{k) M_{k) =0, Fg 


■^The real and imaginary parts of a square matrix A are defined by Re A = |(A + A'^) and ImA = 
































NONLINEAR FOURIER TRANSFORMS 


43 


However, since no linear combination of Ja^ and is positive definite, we cannot 

conclude that M_ = 0. More generally, proceeding as in the appendix of [20], we may 
consider a sectionally analytic function G{k) defined by 

G{k) = M{k)Hj{k)M{kf, k£Dj, j = l,...,4, 

where Hj{k) is any 2 x 2-matrix valued function which is analytic and bounded in Dj. 
The requirement that G be continuous across dDi enforces the condition J{k)Hi{k) = 

H 2 {k)J{k) on dDi, i.e. 

H2{k) = Hi{k) 

Since we want H 2 to be analytic and bounded in D 2 we assume that Hi is traceless and 

lower triangular. Similarly, continuity across 5 D 4 enforces the condition J{k)H 2 ,{k) = 
- 

Hi{k)J{k) on dDii, so we need to assume that H^i is traceless and upper triangular. 
Then H 2 and are also traceless and lower resp. upper triangular. The equations 


1 0 \ 


0 = / G+{k)dk= [ M-{k)J{k)H 3 {k)M-{kf dk, 

■/ M ■/ M 

0 = [ G-{k)dk= [ M_ {k)H 2 {k) 7 {^^M_{kf dk, 

Jr Jr 


imply that 


M_XM_ dk = 0, 


X := ciJHs + C2H3^f + C 3 F 2 


for any complex constants {cj}f. We seek {cj}f such that X is positive definite for fc G M. 
Since X is positive definite iff Re X is positive definite, it is enough to consider positive 
definiteness of 


Y := diRe {JH 3 ) + dsim {JH 3 ) + dsRe {H 2 j'^) + d 4 lm {H 2 j'^), 


where {dj}f are real coefficients. The matrix Y is positive definite iff the inequalities 
Yii > 0 and det Y > 0 are satished. However, it appears that no real numbers {dj}f and 
traceless lower resp. upper triangular matrices H 2 {k) and H^{k) fulfill these inequalities. 


Appendix A. L^-Riemann-Hilbert problems 

We collect some results on Smirnoff classes and L^-RH problems; detailed proofs can 
be found in m- In the context of smooth contours, more information on L^-RH problems 
can be found in [IUllI31[igi3H|- 

Assume T = dD^ = —dD- is a Carleson jump contour. If / G E‘^{D^) or / G E'^{D-), 
then the nontangential limits of f{z) as z approaches the boundary exist a.e. on T and 
the boundary function belongs to L^(r). If /i G L^(r), then the Cauchy transform Ch 
defined by 

{Ch){z) = ^ / ^ds, z€C\T, (A.l) 

2 m s — z 

satisfies Ch £ E‘^(D^ U D-). We denote the nontangential boundary values of C/ from 
the left and right sides of T by C+/ and C_/ respectively. Then C+ and C_ are bounded 
operators on T^(r) and C+ — C_ = I. Given two functions G L^(r) n L°°(r), we 
define the operator Cw ■ L‘^{C) + L°°{T) —L^(r) by 

Cwif) = C+{fw~) + C_(/rc+). 


(A.2) 
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Then 

I|Cu,||b(l 2 (p)) < C'max{||R;+||ioo(r), ||w;"||poo(r)}. (A.3) 

where C = max{||C+||g(p 2 (p)), ||C_||g(p 2 (p))} < oo and B{L?‘{T)) denotes the Banach 
space of bounded linear maps T^(r) —)> T^(r). 

The next lemma shows that if u = and =F I then the L^-RH 

problem determined by (T, v) is equivalent to the following singular integral equation for 
fi G I -\- T^(r): 

^i-I = CM in (A.4) 


GL{n,C), let v = {v ) , w~^ = — I, and w = 


Lemma A.l. Given : T 
I — v~. Suppose G I+L^(r)nL°°(r). //m G/+-E^(C\r) satisfies the L'^-RH 

probl em determined by (r,u), then p = m+{v ^)~^ = m-{v~)~^ G / + T^(r) satisfies 
{A. 4 ). Conversely, if p G I + L^(r) satisfies (A. 4), then m = I + C(//(u;+ + w~)) G 
I + -E^(C \ T) satisfies the Lf-RH problem determined by (T, v). 

Lemma A.2. Given : T —?■ GL{n,C), let v = w~^ = — I, and w~ = 

I — v~. Suppose v^, G I + L^(r) n L°°(r) and G C'(r). If are nilpotent 

matriees, then eaeh of the following four statements implies the other three: 

(а) The map / — : L^(r) —)• L^(r) is bijective. 

(б) The if-RH problem determined by (r,u) has a unique solution. 

(c) The homogeneous if-RH problem determined by (r,n) has only the zero solution. 

(d) The map I - : L\T) L‘^{r) is injective. 


Lemma A.3 (Uniqueness). Suppose n : T —)■ GL{2,C) satisfies detn = 1 a.e. on T. If 
the solution of the L^-RH problem determined by (r,n) exists, then it is unique and has 
unit determinant. 


Lemma A.4. Let D be a subset of C bounded by a curve T G J and let f : D ^ C 
be an analytic function. Suppose there exist curves {Gn}fi‘ d J in D, tending to T 
in the sense that Gn eventually surrounds each compact subset of D G C, such that 
sup„>i \z — zo\P~‘^\f{z)\P\dz\ < 00 . Then f G EP{D). 

Lemma A.5 (Contour deformation). Let 7 G IT. Suppose that, reversing the orientation 
on a subcontour if necessary, T = T U 7 is a Carleson jump contour. Let R+ and be 
the two components o/C \ 7. Let D± be the open sets such that C \ T = U D- and 
SD-P = —dD- = r. Let D = U Z)_. Let 7+ and 7_ be the parts of j that belong to 
the boundary of and D^r\B+, respectively. Suppose v : T —)■ GL{n,C). Suppose 

mo : D n R+ —)■ GL{n, C) satisfies 

mo,mo^ G I + E‘^{D n B+) n {b n B+). (A.5) 


Define D : f —)• GL{n, C) by 


mo-umQ^ 

on 

rnR+ 

-1 



mo+ 

on 

7+, 

mo- 

on 

7 -, 

V 

on 

rnR_ 


Let m and rh be related by 


m = 


mm. 


m 


'0^ 


on br\B+, 
on b r\ R-. 


(A.6) 
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Then m{z) satisfies the L^-RH problem determined by (r, 4 ;) if and only ifrh{z) satisfies 
the Lf-RH problem determined by (f,!)). 


Lemma A. 6 . Let D be a subset of C bounded by a curve T £ ff. Let m > 1 be an 
integer and let {fj}fi be functions in E'^{D). Let f = OJli fj- Then f G E^{D) and 


f+{z) 


/r {z - 


dz = 0 , 


n = 0,1 ,.... 


(A.7) 


Proof. Let zq ^ C \ D and let ip{z) = By Proposition 3.6 in [27], the assumption 
fj G E^{D) is equivalent to w~^fj{ip~^{w)) G E^{(p{D)). Thus, by Lemma 3.8 in [27] . 
w~^f {<p~^{w))'^ G E^{(p{D)) = E^{(p{D)). According to Theorem 10.4 of [T4] . 



w^-^U{g^-\w)rdw = 0, 


The change of variables w 


(p{z) yields (A.7). 


n = 0,1 ,.... 


□ 
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